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OVERVIEWI
I

In this report, we describe the total effort at Ohio State on the Project Relegation
for Decentralized Control, initiated on March 1, 1989, sponsored by the Air Force
Office of Scientific Research (AFSC), under Contract F49620-89-C-0046.

The first part of this report reflects on one of the prirrary research topics which was
considered in the first year of research. This work performed in the first year con-
centrated on optimal relegation. In the second part of the report, we concentrate on5 circuit analogies for large flexible space structures. Many large-scale systems such as
flexible spacecraft appendages are nonlinear in behavior. But their large scale makes
centralized control difficult. Thus, we propose several methods for designing decen-
tralized control laws that take system nonlinearities into account. Equally important
is the task of modeling large-scale systems. This motivated research on applying well-
known circuit theory techniques to the problem of modeling flexible structures. The
third part of this report describes work performed on another primary research topic
which was considered in the first year of research-the use of singular perturbations
for multi-time scale analysis of two-link structures. This work was developed for use
in embedding active materials into the links and relegating the control tasks. (That
is, slewing was relegated to torque actuators at the joints and vibration damping was
relegated to the film type materials along the links.) In the fourth part of the report,
we focus on the problem of decentralized control of nonlinear systems. The next two
parts of the report discusses results of using sliding-mode control on structures with
closed chain kinematics and sampled-data systems, respectively. Finally, preliminary
work was performed in using neural networks in the control of rigid-flexible struc-
tures. We then discuss example configurations being considered for application of the
results in relegation, including new results on a specific configuration of interest which
provides a set of new problems in structures with coupled rigid and flexible dynam-
ics. This is the class of structures with closed chain kinematics. The specific example
we have initiated work on is that of a planar truss. Extensive effort has been spent
on modeling issues, leading to the utilization of decentralized sliding-mode (variable3 structure) control techniques.

Contributors to this three-year research effort were:
Students:
Dr. D. Schoenwald
Peter Dix3 Mathew Boesch

I 1
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Layne Lenning
Wu-Chung Su 3
Post-doctoral researchers:
Dr. Ken-Shin Xu 3
Dr. S. Drakunov

Principal Investigator: 3
Prof. U. Ozgiiner

Two book chapters and three journal publications have appeared based on research
on this project. Twenty-six presentations were made at conferences and the papers
appeared in the respective proceedings. Five papers are presently under review in var-
ious journals. The publications resulting from this research are listed in Appendix A. I
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1. INTRODUCTION

In this report, we describe the total effort at Ohio State on the Project Relegation
for Decentralized Control, initiated on March 1, 1989, sponsored by the Air Force
Office of Scientific Research (AFSC), under Contract F49620-89--C-0046.

The main thrust of our effort has been to consider the control of interconnected
rigid and flexible structures. In order to accomplish this, we have utilized different
analysis approaches, ranging from partial differential equations representing simple
substructures, to finite element models representing complex structures. We have
also initiated work in exploiting the analogies between circuits and systems. Much
work remains to be done in this area. We have used different techniques for control.I Apart from the basic linear quadratic regulator, we used series expansion techniques
and singular perturbation in simplifying and decomposing high dimensional control
problems and we have considered feedback linearization and variable structure control,

i in handling nonlinearities.

The following chapters will provide details of the results obtained through the tenureI of the project.

In Chapter 2 the work on the concept of relegation is outlined. Here we provide the
basis for assigning control tasks to multiple coupled systems so that some some total
criterion is minimized.

Chapter 3 is on our initial work on circuit analogies. This approach is even further
developed at this time in a new project.

In Chapter 4 the use of singular perturbations for multi-time scale an 'ysis of two-
link structures is developed. This technique was developed for use in imbedding
active materials into the links and relegating the control tasks. (That is, slewing was
relegated to torque actuators at the joints and vibration damping was relegated to
the film type materials along the links.)

In Chapter 5 we focus on the problem of decentralized control of nonlinear systems.
Many large-scale systems such as flexible spacecraft appendages are nonlinear in be-
havior. But their large scale makes centralized control difficult. Thus, we propose
several methods for designing decentralized control laws that take system nonlinear-
ities into account.

Chapter 6 discusses results on a specific configuration of interest which provides
a set of new problems in 3tructures with coupled rigid and flexible dynamics. This
is the class of structures with closed chain kinematics. The specific example we
have initiated work on is that of a planar truss. Extensive effort has been spent
on modeling issues, leading to the utilization of dec-3ntralized sliding-mode (variable
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structure) control techniques. Recent results (produced jointly w tn Dr. D. Young 1
of LLNL) on frequency shaping for sliding-mode control, have provided a means of
handling the "chattering" phenomena, earlier thought to be a deterrent to the use of
sliding-mode control with flexible structures.

In Chapter 7 we provide initial results on the control of sampled systems with the
sliding-mode control technique. This highly innovative approach is presently being
further developed.

Finally in Chapter 8 the utilization of neural networks for the identification and U
control is considered. This research was also partially supported by a NASA Doctoral
Fellov ;hip.

Chapter 9 provides some applications and examples of how and where our research
results may be utilized. It especially outlines an experimental configuration (LIVE)
which was developed for experiments on coupled rigid and flexible structures.

2I
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2. RELEGATIONI
In the control of large systems, the notion of decentralization plays an important

* role. The decentralization constraint enters into large-scale systems because it may
be impractical or even impossible to communicate signals from one controller to an-
other. Moreover, decentralization may be required by the control designer to achieve
reliability and a degree of redundancy. It may also impose a structure to the control
implementation by relegating control authority to separate channels. This chapter
introduces and analyzes the concept of relegation for the design of decentralized con-
trollers for large systems.

Relegation is the assignment of control tasks and information channels in view of
control effectiveness, on-line computational complexity, controller capabilities, and
physical and structural constraints [1, 2, 31. In this chapter, one particular form
of relegation will be introduced-namely decentralized set-point relegation. One is3 often faced with the task of selecting output set-points for subsystems given some
physical constraints. Relegation is the idea of choosing these set-points in a rigorous,
optimal fashion such that each subsystem's goals have been chosen to minimize the
performance criterion of the overall system. This implies that the set-points are
chosen to satisfy a constraint equation such that the performance index of the system
is minimized. Redundancy in the choice of feasible set-points is exploited by choosing
them to minimize the cost functional while maintaining a decentralized feedback
structure. This is a unique approach to the decentralized quadratic regulator problem
that will enable the choosing of system set-points optimally instead of using ad hoc
methods.

The decentralized control utilized here consists of proportional state feedback and
integral output error feedback for each input/output channel. The feedback gain ma-
trix is obtained via the solution of two coupled Lyapunov equations. The optimal
cost will then contain a term which is quadratic in the output set-points, and it is the
mipnimiruzation of this term subject to a linear or nonlinear constraint function which
leads to the solution of the optimal choice of output set-points. In Section 2.1, we
briefly consider the Decentralized Quadratic Regulator problem and introduce the
idea of Decentralized Set-Point Relegation. In Section 2.2, we point out how set-
points are incorporated into the quadratic regulator setting. We then indicate how3 these can be assigned to uncoupled subsystems while further minimizing the cost in
Section 2.3. In Section 2.4, we outline the interconnected system configuration and
advocate a series expansion method for calculation of the control. We also introduce
an iterative linearization approach for use when the constraint equations are non-
linear. Section 9.2 contains an example of an optical tracking system on which the
concept of relegation is demonstrted.

I3
I
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2.1 The Decentralized Quadratic Regulator

Consider the basic decentralized quadratic regulator problem: I

S= Ax + Buj , x(o) = xo (2.1)

yj = Ciz, i=1,...,N. (2.2)

where N is the number of input/output channels, n is the dimension of x, mi is the
dimension of ui, and pi is the dimension of yi. We wish to minimize the cost criterion

N

= 1• (XTQX + • uýR u,) dt (2.3)

and the following feedback structure constraint

u,=K1 y,, i=1,...,N. (2.4)

It can be shown [4, 5, 6, 7, 8] that the necessary conditions for minimizing J given
by (2.3) with the controller structure (2.4) imply the solution of the following system
of nonlinear algebraic equations:

ATP + PAc + Q = 0 (2.5)
AcL+LAT+Xo=O. (

and
VKJ = BTPLCT + RIK,•CLCT =0 

(2.6)

where IN

Ac = A + ZB.KC

N

= Q+)CT'KTRKiC,
i=1

X0 = Xo •o.

Now consider the situation when each control channel has a set of variables y,j to 1
be regulated and these have been assigned output set-points yd, i = 1, .. , N. Note
that we differentiate here between the local measurements and the local variables to

4
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be regulated. If the set-points are pre-determined and fixed, fairly straightforward
extensions to the decentralized regulator problem are possible to find the associ-
ated controllers. However, in many problems of interest, e.g. large space structures,
robotics, and manufacturing, thcse set-points jointly satisfy a constraint equation.
Their one-to-one assignment to channels is not obvious. We shall call this the de-
centralized set-point relegation problem (see Figure 2.1). Depending on the type of

I

I
I Y, UN yN

I

3 RELEGATOR

I Figure 2.1: Set Point Relegation

constraints the set-points need to satisfy, there are a number of distinct special cases
of interest in decentralized set-point relegation:

* 1. Linear constraints

2. Nonlinear constraints

I 3. Time-varying constraints

In this chapter, we ehall consider the first two cases above. The third case represents
a trajectory relegation problem which is not specifically addressed here. The three
types of constraints above may arise due to physical considerations of the problem3 but may also be due to computationai aspects of the problem as well. It is assumed

I5
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that these constraints do not uniquely specify the set-points, but rather allow a choice
of feasible set-points possibly even an infinite number of choices.

2.2 Incorporation of Set-Points

We first outline the incorporation of set-points into the standard centralized quadratic
regulator problem. To motivate this, we consider the multi-input, multi-output sys-
tem

S= Ax+Bu

Y, = CZ, (2.7)

under the cost criterion

J = j (ZQz + i1TRi)dt, (2.8)

where z(t) is defined as

z(t)=z [ lY (2.9) U
AY(t) M-yt) - y, (2.10)I

and yd, a constant set point, has been specified.

The state equations for the system with it as input and z as state vector can now be 3
written. If Q =block-diag{Q 1, Q2} then the solution of the above problem takes the
form

u = K'x + K 2  (Y,(T) _- yd)dr (2.11)

where the {K 1, K 2} pairs are calculated from the associated Riccati equations.

Let the matrix solution to the Riccati equation be partitioned as

P= pT p2

and let

S = BR-IBT.

6
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Then the Riccati equation decouples into three equations:

I -PTSP 3 +Q 2 =O

3 P3A + P2C - PTSPI = 0

ATp 1 + CTP3T + PIA + P3 C - PISP1 + Q1 = O.

As can be seen, P3 can be calculated from the first equation. Then

P2 = P3T(A - SP1)CT(CCT)- 1, (2.12)

I and P1 can be calculated from the Riccati equation

5 ATp 1 + P, A-P 1 SP1 + (Q + CTPTP + P3C) = 0. (2.13)

The optimal cost is given by

P = zT(o)Pz(o). (2.14)

I Since z(0) contains yd , the optimal cost J is a function of the value of the set-point.
In problems where there is some freedom in choosing these set-points, it is easily seen

I that one set of Yd can produce a lower J than another set. Therefore, we look at
ways in which the set-points can be chosen to minimize J" while maintaining the
decentralized nature of the control laws.

2.3 Relegation for Uncoupled Systems

Consider the set of dynamically uncoupled linear subsystems

3i = Ajxi+Biui

y,. = Cixi i = 1,2,...,N, (2.15)

3 under the cost criterion

N cI o j , (Q,z, + J,],,,)dt. (2.16)

I

I
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The state zi is defined as

zi(t)= [ i ] (2.17)

Ayi(t) 'a Y,/() - y!• (2.18)

where y, is a constant set point.

The solution of the above problem takes the form 3
ui = Kg'Xz + Ki '(yi,(r) - yd)dr , i = 1,2,..., N (2.19)

where neither the relative feedback nor the solution for {Kj, K2} are coupled. In fact,
the {K?, K?} pairs are calculated from uncoupled Riccati equations which provide
the matrix pairs {P•, P2} such that the optimal cost is given by

N I
.= Zz(O)P'zi(O). (2.20)

i=1 I
We now assume that one step above on the hierarchy there exists a relegator (see
Figure 2.1) which must specify the {yi} set points, constrained with a set of linear,
static equations of the general form

NI
E2 Fj4 = G. (2.21)

The question now is whether the relegator can pick a specific set {yjd} that satisfies
the constraints (2.21) while further minimizing J. Thus, we consider the problem

min J = mrin E"Y(O) - •4)T p'(yP(O) -- y4) (2.22)

such that (2.21) holds. This is equivalent to minimizing

.(, 4)'P• y - 2y'ý(O)P2Y4 + AT (Fiy4) - ATG, (2.23)

6=1 I

where A is a vector of Lagrange multipliers. In such a minimization exercise, we
obtain

8
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aI 2P•y4 - 2P 2y,,(O) + FA 0 (2.24)

for i 1,..., N. In view of this and (2.21),

1y = yi(O) - 0.5(P2)-lFTA, (2.25)

* and

N N

A 2[E F,(P)-' F7]-'[" FiyV,(0) - GI (2.26)
i=1 i=1

to give

N N

yd = y,,(O) -- (1)-=F (P)-1F y,,(O) -a (2.27)

for i = 1,..., N. Equation (2.27) represents the decisions taken by the relegator to
satisfy (2.21) while minimizing J.

1 2.4 Relegation for Coupled Systems

3 We now consider the special case of interconnected systems with local state measure-
ments available for feedback. We shall furthermore assume that a local output vector
is to be regulated to a given set point. Consider the set of dynamically coupled linear
subsystems,

N

ii= FAjxz1 + Bu,u (2.28)

Yi = Cixzi, i=1,2,...,N

I where N is the number of input/output channels, ni is the dimension of xi, mi is
the dimension of ui , and pi is the dimension of y,j. We wish to minimize the cost
criterion

SJ= 2Qi=,

(i +JA7j1d (2.29)

where zi(t) is the ni + pi dimension vector defined as

I 9I
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A,()] [ (2.30) 1

Ay = Yi - y! (2.31)

Z(0) [ i(0) = zio (2.32)

with Qj positive semi-definite and Ri positive definite matrices of appropriate dimen-
sions. A more compact cost criterion is defined as

=1 f" (ZTcQZ + isRt&) dt (.3

where Q = block-diag [Q, ... QN] and R = block-diag [RI -.- RN].

We redefine (2.28) in the state z as

All 0 A12 0 ... AIN 0 B ... 0 1
C1  0 0 0 ... 0 0 0... 0
A2 o A2 2 . A2. 0 0 0

2= 0 0 C2  0 ... 0 0 z+ 0 ... 0 i (2.34)

ANI 0 AN2 0 ... ANN 0 0 ... EN 3
0 0 0 0 ... CN 0 0 ... 0

or more compactly, 3
S= AZ+ hi7, (2.35)

with decentralized feedback

la, = Kz, = Ki, + K•Ay, K, = [Ki K?] (2.36) 1
ii = Kz , K = Block-diag[Ki, K2,..., KNI

such that each channel input has the form I
ui=Klxj+ Ki (y,.i(,r)-yid)d'r, i=1,2,...,N. (2.37)

I
10 I
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The optimal solution for the decentralized feedback gain matrix K to the minimization
of the quadratic cost criterion J is known to involve the iterative solution of two
coupled Lyapunov equations as mentioned before. It is well known that the cost
associated with any stabilizing feedback is, in fact, zT(O)Pz(0) where P is the solution
of the related Lyapunov equation

A•P + PAo+Q o. (2.38)

In the event of weakly coupled subsystems (E-coupling), a series expansion method
[9, 10] is advocated to solve for the feedback gain matrix K. This series expansion will
also give an approximation to the weighting factors {P.2} to be used in the set-point
distribution.

We use the series expansion (c-coupling) method to generate the local feedback solu-
tion for weakly coupled systems where the local states are available at the subsystem
level. We shall embed a coupling parameter e between the subsystems so that the
equations satisfying the necessary condition of optimality are as given below:

=[A Al+B1 K1 eA12  1
4A21  A22 + B2K2

Q, Q+ KTRiKi 02 +KR 2 K 2 ]0 Q2 + K22

U Partition P and L as

L [L, L3]

3L= [T LI
The gradients (2.6) are then

3 VKIJ = 2[BT(PL, + P3LT) + R 1K1 LI] = 0 (2.39)

VK 2J = 2[BT(P 3 L3 + P2L2) + R2K 2L2 ] = 0. (2.40)

3 The coupled Lyapunov equations (2.5) become

I
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P equations

(All + BK 1 )TP1 + cA2P3T + eP 3 A21 + P1 (All + BIK 1 ) I
+(Q0 + KT RIK 1 ) = 0 (2.41)

(A2 2 + B2K 2)TP 2 + fATf2Pr + fP 3Al 2 + P2 (A2 2 + B2 K 2)

+(Q2 + K2TR 2 K 2 ) - 0 (2.42)

(All + BK 1 )T P3 + eA21 P2 + eP1 A 12 + P3 (A22 + B2 K2 ) = 0 (2.43)

L equations

(Ali + BlK 1 )Li + CA1 2 41 + fL3AT2 + L1 (All + B 1Kt)T

+foI = 0 (2.44)

(A22 + B 2 K2 )L 3 + eA 2 1LT + eLs3AT + L2 (A2 2 + B2 K 2 )T
+Xo2 = 0 (2.45)

(Ail + B1 K 1 )L3 + CA12 L2 + cLIA T + L3 (A 22 + B 2K 2)T = 0. (2.46)

Consider now the power series expansion in terms of E for P and L

P = PO+,P +1+ f2P2+
2

L =_O+W+2 E2 LI

resulting in the power series for K.

K = KO + -e+ K+ 2 +---
'23

We shall henceforth use the superscript to indicate both the order of the derivative
and the term in the series expansion.

O'th order terms:

Setting e = 0 Eq. (2.43) becomes 3
(All + BIKO)TP•3 + P•3(A 22 + B2 K°) = 0. (2.47)

We temporarily assume the following assertion to be true:

Assertion I : K° and K2 asymptotically stabilize the subsystems {All, Bl} and 3
{A22, B2} .

With Assertion I applied to the unique solution of Eq. (2.47) (and similarly from
Eq. (2.46)), we obtain

12 3
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P ,L°--.

With e = 0 Eq. (2.44) is a Lyapunov equation and under Assertion I admits a positive
definite solution for L°. Thus Eq. (2.39) simplifies to

Substituting into Eq. (2.41) at c = 0 we obtain the standard subsystem Riccati
equation:

API + P°Au - P•B 1 R-'BITpI + Q, = 0.

Similar arguments result in the Riccati equation for the second subsystem. Therefore,
if {All, B1 } and {A22 , B2 } are stabilizable pairs, Assertion I is indeed true.

1'st order trm

Under Assertion I and the solution of the 0'th order equation we will find that
K,, K2, P1, P2, L', L' are all zero. The terms P31 and L' can be calculated from
the linear equations

(All + B1 Ki)TP3l + P3(A 22 + B 2K2) + A + P

(All + B1 K?)L' + L3(A 22 + B2K2)T + A TLf + LOA2T =0.

2nd order terms

IP1 is solved from
21 3i '•A21 O

(A11 + B1g°)rP? + P'(A22 + B1K°) + A T +P3 0.

Then K 2 is

K2 = -R-1 - 2R/"PIL3T(L)-.

The following terms can then be bequentially generated. Note that the odd order
terms will give no local feedback, yet one intermediate set of linear matrix equations
will still have to be solved. After the 0'th order term the local feedbacks are calculated
from Lyapunov equations.

At this point we assume there exists a relegator whose function is to specify the yd
set-points subject to the following set of nonlinear constraints

13
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Hi(yd)=0, i=1,2,...,N (2.48)

where Hi(yd) is a scalar function of the output set-points vector y d. Lecause general
nonlinear functions are difficult to solve, we shall expand H,(yd) about a point 9 that
represents the current estimate of yd. The power series is carried to quadratic terms
in yd

H(yd)- + Hjy() d 1+ I (d _ _), di ) (2.49) )

'ý,d 2~ O y +2-(2.49)

for i = 1,2,..., N, where the gradients are defined as 3
OI,( ) 81n2- (2.50)

and the Hessians are defined as 3
f82H(o~ ... ]

02Hi(7) O 1)2  O v-l
-) F : (2.51)8(y d)2

We wish to minimize the following cost criterion with respect to yd

- T(OT N aHl(i
Y = dypyd 2y,()Tpd+ A,[H(y

+ (Y _ )T9H O(9,) (Yd(d~ (2.52)I

where Ai are a set of Lagrange multipliers. We proceed by setting the gradient of .1
equal to zero and solving for yd obtaining

d =IV(7_H_()____y(O _ _N___()T_ (a
2H,(p)

y [2P) + E(H1Y -j _____ -jj (2.53)

where Ai, i = 1,2,...,N, are solved for by substituting (2.53) into (2.49). This I
motivates the following algorithm to solve for yd [3]:

1.) Choose g = 0 initially and some tolerauce 6. I
2.) Evaluate H(y) an and"( for i = 1,2, N

3.) Solve for Aj , i = 1, 2,..., N by substituting (2.53) into (2.49).

14
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4.) Using above, solve for ydi by solving (2.53) for its p components.
5.) If 11 yd - V i11 6 then stop; otherwise set ý = yd and go to step 2.

It should be noted that with some sacrifice in accuracy one can linearize (2.49) instead
of expanding to second order and obtain the following simpler equations for Ai and
Y d

_H(• ____ DH•(•)T 8Hi(•)(.0
ii OV=T A. = 2[Hj(9)+ T• (0) '-), (2.54)

for i = 1,2,... N. Then yd is computed using

N OH,()T(Y• -- 49o)-0.yd1 A, (2.55)

The algorithm above is still followed to find yd except Hessian information is no
longer needed. This algorithm represents the action of the relegator in choosing
the set-points for each subsystem. An example of this algorithm is presented in

Section 9.2.

A number of comments can be made regarding the problem outlined:

1. Nute that yf depends on yi,(O) which may be assumed known. Also, y4 can be
solved for assuming y,i(O) = 0.

2. Equation (2.21) may be generalized to (slowly) time varying constraints. In this
case, one could implement the relegation scheme described in this chapter at a
series of operating points.

3. The quadratic regulator problem can be generalized +o accommodate frequency
weighting. Note that the interesting and intuitively obvious conclusion that a
band limited actuator will be given a "closer" set point to achieve.

In conclusion, it can be observed that decentralized setpoint relegation provides the
hierarchical framework that couples a version of resource allocation with the dynamics
of the controlled system. This is accomplished in a globally optimal manner, that
is, both the high-level resource allocation (or target allocatic.i) and the lower level
dynamic control problem have a single goal. We believe this to be a very general
frainework that can be utilized -n many large scale system problems.

15
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3. MODELING AND CONTROL OF FLEXIBLE STRUCTURES
USING CIRCUIT ANALOGIES

3 Large space structures (LSS) may be viewed as an interconnection of several substruc-
tures or networks. Essentially, the vibration control problem of flexible structures can
be approached as a power transfer problem-similar to problems in transmission line
theory or electrical circuits. The propagation of disturbances in LSS with light damp-
ing is mathematically similar to the electrical characteristics of a lossless transmission
line. Thus, each of the substructures may be described in terms of scattering param-
eters similar to those of an electrical network.

The scattering parameters can be derived from either a partial differential equation
(PDE) model of the structure or from the finite element model (FEM) of the struc-
ture. Like transmission lines, LSS are distributed parameter systems; therefore, they
exhibit wave modes similar to those encountered in the PDE approach. FEMs are3 merely approximations of PDE models. For lumped parameter models such as FEMs.
lumped parameter circuit analogies of LSS may be obtained directly from the FEM
equations. Therefore, the scattering parameters of the structures may be obtained
using circuit analysis techniques. As an example, a FEM of a beam can be broken
into an interconnection of passive four-port networks.

The PDE models have been used in various control approaches such as the travel-
ing wave approach. In the traveling wave approach to flexible structure control, the
disturbances to a structure are viewed as waves traveling through a medium. These
waves can be reflected, partially reflected, or dissipated as they travel across the struc-
ture. At interfaces within the structure, scattering properties may be examined-how
much of an incoming wave is reflected and how much is absorbed. With this per-
spective, the flow of these disturbances through the structure may be more easily
understood.

3 Since the propagation of disturbances in a mechanical system is mathematically sim-
ilar to that of electrical or microwave circuits, the motivation for this work is to
reconsider circuit analogies of mechanical systems and use existing results from cir-
cuit theory and network theory in the analysis and design of LSS.

The scattering parameters of a flexible structure have been determined both from3 the wave formulation from the PDE model and from a circuit analogy of the FEM.
The coupling of structures has been analyzed from an impedance matching (circuit)
and a substructure synthesis (FEM) viewpoint. Component Mode Synthesis (CMS)
techniques for modeling LSS and active vibration damping have also been considered
in the framework of scattering parameters.

1
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3.1 Circuit Analogies of Mechanical Systems

Circuit analogies of mechanical systems have existed for many years. When the his-
tory of mechanical and electrical systems is considered, the complementary progress
of the two areas is evident. Results of electrical network theory have many appli-
cations to acoustical, mechanical, and electromechanical systems. Included in these
applications is vibration control of large flexible structures.

Typical examples of circuit analogies for mechanical systems are shown in Table 3.].

Table 3.1: Electrical / Mechanical System Analogies I
ELECTRICAL MECHANICAL I MECHANICAL

(LINEAR) (ROTATIONAL)
voltage, V velocity, v, i angular

velocity, w, 0
current, I, • force, F torque, r

charge, q momentum, P angular
_____________ ~momentum,__ _ _ h__ _ _

flux displacement, x angular
linkage, A ..... displacement, 0

capacitance, C mass, M moment of
inertia, J

inverse of stiffness, K rotational
inductance, 7 stiffness, K

inverse of viscous viscous
resistance, damping, f damping,/

Using these circuit analogies, the the analogous systems of equations for electrical
and mechanical systems are:

1"t = CV V + IV+ Vdt (3.1)

Fe = Mi + Oi + Kx (3.2)
TeAt = JO6+ 0 + KO (3.3)

For a general n-port network as shown in Figure 3.1, the port-voltage and port-current I
vectors are defined as

v(t) = [v1(t),v 2(t),...,vN(t)IT  (3.4) 1
17
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5+ +

VS 2~ V2

.1,, N-PORT

£ NETWORK

I

I

I +zs +

* VSN- VN

"''' I •

I Figure 3.1: General representation of an N-port network.
I i~) = [iI(t),i2(t),...,iN(t)]T (3.5)

I The open circuit impedance matrix, Z(s), is defined such that

V(s) = Z(s)I(s) (3.6)

where

I
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v =o V (3.7)

Similarly, the short circuit admittance matrix, Y(s), is defined such that

I(s) = Y(s)V(s) (3.8)

where I

-i 1 (3.9)

These impedance and admittance matrices do not always exist because they are de-
fined in terms of zero or infinite loading at the ports. Alternatively, scattering matrices

may be used to characterize the network because they:

9 exist for all "nonpathological" passive LTI networks (lumped or distributed I
parameter systems)

* are defined in terms of some finite stable loadings at the ports I
• have widely known properties (much literature exists)

"* are closely related to power transfer properties of a network; thus, several quan- I
tities of interest are simply and concisely represented in terms of scattering
parameters I

"* are particularly useful in problems concerning power transfer, lossless networks,
and network matching

"* can be derived from either a PDE model or a FEM of the structure

3.2 Scattering Parameters I
Again, consider the n-port shown in Figure 3.1. The normalized port-voltage and 3
port-current vectors, V and I, are defined as

I =IR

where V' and I' are the "ordinary" voltage and current vectors, which would actually
be measured at the ports, and Ro is a normalizing matrix. The incident and reflected

19 1
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voltage vectors, Vi and V, are defined to satisfy

Vi = (V+I) (3.10)

lV, -1 (V- 1) (3.11)

where V. 2V, and V, and Z. are the voltage vector at the source and the input3 (o:urce) impedance matrix, respectively.

The scattering matrix, S, is defined such that

I - SVi (3.12)

I where

0 < ISl < (3.13)

Further, if the normalized impedance matrix, Z, is defined such that

I V=ZI (3.14)

'3, then

S = (Z+ U)- 1(Z-U) = (Z-U)(Z + U)-' (3.15)

where U is the identity matrix. This is equivalent to

I S = (Z' + R)-'(Z' - R) = (Z' - Ro)(Z' + Ro)-l (3.16)

where Z' is the "ordinary" open circuit impedance matrix.

As an example, the impedance and scattering parameters at the end of a cantilevered
beam were calculated from a PDE model and an eight-element FEM. Assuming unit
source impedance, the open circuit impedance and the scattering parameter from the
PDE approach were determined numerically, using a FORTRAN program to generate3 the Bode plots in Figures 3.2 and 3.3.

Using the circuit analogies, the impedance matrix from the FEM is defined as

Z(s) = (sM + K_ (3.17)

£ 20
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where M and K are the mass and stiffness matrices, respectively. The scattering
matrix is then defined as

S(s5) Z(s) - R (3.18)
Z(s)+ R

Plots of the Bode responses for Zn,(s) and S11(s), assuming unit input impedances,
are shown in Figures 3.4 and 3.5. These parameters correspond to the impedance 3
and scattering parameters at the tip of the beam.

Circuit synthesis techniques can be applied to structure synthesis. Connecting sub-
structures is analogous to connecting circuit networks. The impedance or scattering
parameter of the entire structure can be determined from the impedances of the in-
terconnected substructures as one would determine the impedance of a circuit. CMS
methods have been studied in this context.

The circuit equivalent of a linear proof-mass actuator has been developed. This can
now be used for controller design. Controllers may be inserted at a substructure 3
interface or at some other location on the substructure for decentralized control. The
use of feedback for structural vibration control is analogous to the use of dependent
current sources in the circuit equivalent of the structure. Another interesting approach
is to represent actuators or substructures with their Thevenin or Norton equivalents.

Using overlapping decomposition, the circuit/structure can be separated for decen- I
tralized controller design. Controllers may be designed to achieve certain scattering
properties or to achieve certain voltage/velocity properties. H2 or Ho, design tech-
niques could be used in these de!signs.

In conclusion, circuit analogies of mechanical systems have been used to establish
a framework for analyzing LSS. Using these analogies, the scattering properties of
LSS can be characterized in terms of the scattering parameters. These scattering
parameters may be found from either a PDE model or a FEM. This method of
modeling provides insight into the scattering properties which can be exploited for I
controller design.

Using this approach, work is in progress to explore applications to Controlled Com-
ponent Synthesis and Overlapping Decomposition. Furthermore, controller designs
which "shape" scattering parameters as desired are being considered. Existing broad-
band matching and network synthesis techniques may be used in actuator and con- -
troller design-for both active and passive damping. Established circuit parameter
sensitivity results may also be used to analyze structure parameter sensitivity.

2
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4. MULTI-LINK FLEXIBLE MANIPULATORSI
In many applications that involve slewing of mechanical structures such as in space-
craft and robotics, performance is limited by the mass and rigidity of the moving
appendages. The use of lightweight materials and slender appendages can enhance
speed and mobility while reducing energy consumption but inevitably lead to flexi-
bility. The principal drawback to flexibility in structures is the issue of control. This
is due to the tremendous increase in complexity of the system dynamics as a result
of the elasticity in the links. There is a wealth of literature on rigid link control,
but additional control strategies are needed to deal with the more complex dynam-
ics of flexible links. This chapter addresses the strategy of combining two methods
for handling structural elasticity: perturbation techniques and distributed vibration
damping.

Several works in particular, Spong et al. [11], Khorrami and Ozgiiner [71, and Sicil-
iano and Book [121, apply perturbation techniques to flexible joint and flexible link
manipulators. In [11], the integral manifold approach is ervrTloyed to decompose the
dynamics into a fast subsystem representing the elastic iorces at the joints and a
slow subsystem representing the rigid body motion. The control strategy is then an
approximate feedback linearization which allows the use of rigid link control ideas.
In (7], a two-time-scale approach is used to design a low order controller for the rigid
system that can also compensate for the flexibility effects. In [12], a singular per-
turbation approach is utilized to achieve an approximate linearization strategy forf manipulators with elastic links.
In these perturbation methods, the system dynamics are a function of a small pa-
rameter e which represents stiffness of the joints or links. As f tends to zero the
slow subsystem (integral manifold) tends to the rigid link manipulator model. The
integral manifold is then expanded as a power series in f about -- = 0. The primary
advantage of the integral manifold approach is that it enables one to linearize the
system dynamics to an arbitrary order of - via the torque controllers. Other ap-
proximate linearization strategies have been proposed for flexible-link manipulators3 such as pseudo-linearization [13] and input-output inversion [14]. But the integral
manifold approach facilitates the incorporation of approximate linearization (for the
slow subsystem) and distributed actuation (for the fast subsystem) as is done in this3 chapter.
The primary goal of distributed vibration damping is to add thin material (e.g. poly-
mer films) to an elastic beam and apply control signals to effect a dampening of
the modes of vibration. No particular distributed actuator is proposed but instead
analysis undertaken here is applicable to a wide variety of thin film actuators whose3 characteristics are very similar in how they impact the equations but may differ in
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hardware implementation. The purpose of this analysis is to provide a description
of how film actuators can reduce bending effects in flexible manipulators. The basic
idea behind film actuators is that they produce a strain along the longitudinal axis
of the links when applied with a voltage distributed along the link. It is shown that
feedback of various measured variables to this voltage can produce a strain which
dampens the modes of vibration.

Our controller design is based upon a distributed parameter model of the two-link ma-
nipulator which is derived via the Hamiltonian formulation. The dynamical equations
of this model are omitted due to their length. For details on this model, the reader is
referred to Khorrami [15], Schoenwald et al. [16], and Schoenwald and Ozgiiner [17].
Computer simulations are provided which show the results of the feedback linearizing I
torque control and the improvement in vibrational damping obtained with the dis-
tributed actuator. The computer simulation model is obtained from the distributed
parameter model via the assumed modes method.

4.1 Control via the integral manifold approach I
It has been shown in Ding et al. [18] and Khorrami and Zheng [19] among others that
the necessary and sufficient conditions for exact feedback linearizability of flexible I
link robots are not satisfied. That is, torque control alone cannot exactly linearize
the full-order dynamic system since there are not as many control inputs as output
variables, The purpose of applying integral manifold theory to the above structure
is to be able to reduce the dynamics of the system to the rigid body motion. This
reduced order system will account for the flexibility of the links. In addition, the
effects of the rigid body motion on the flexure are given by a manifold condition. I
According to Sobolev [20], a manifold M, is an integral manifold for a dynamic
system if it is invariant under solutions of the system. That is, if the system lies
on the manifold M, at some time to then the solution trajectories must remain on
the manifold M, for all t > to. If the fast dynamics as represented by the flexural
vibration equations are asymptotically stable then the solution of the full system will a
rapidly converge to the integral or slow manifold M, and remain there for all time.

Consider the two-link flexible manipulator depicted in Figure 4.1. The joint angles,
0•, are measured as the angle between the axes X, and X,-1. The elastic deformation,
a,(t',,t), is measured as the deflection between the link at length=ei and the axis
tangent to the link at the hub, Xi. The torque inputs, aii, are applied at the ith hub.
Gravity, shear deformation, torsion, and axial displacement have been neglected in
the model. The mass of the ith hub and mass per unit length of the ith link are Ai
and pi, respectively. The mass moment of inertia of hub I is Ip,.
In order to apply integral manifold theory, the full system model must be in singularly
perturbed form. This model has been shown to be singularly perturbed in Khorrami

27

It



IX
I2
mx

3�/2m

I

Figure 4.1: Geometry of two-link flexible manipulator.

I and Ozgiiner [71 for the one-link case and Khorrami [15] for the two-link case. Thus,
we conce ' ate on deriving the slow and fast manifold equations describing the two-
link manipulator's behavior. These equations have not been developed previously.
To do this, a normalized model of the system is derived.

First, we normalize the link deviations and spatial variables with respect to link
lengths. That is

L L2 a a2

3 With the abovc normalization, our control variables become

A, and u2 - , (4.2)
U1 22
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and we define

Ih M 2  P2 (4.3)L 3 L--- 3 U--3 + 1 +3 -L4.3)
L1L2 32 2 21L

The small parameter e is introduced in the following manner: Since e must be related I
to the stiffness properties of the links, a natural choice [7, 15, 21, 22] is to let f
be inversely proportional to the square of the lowest frequency of oscillation due to
flexure of the links. Because there are two links, there are two such parameters, f,
an d e2 L

E,' i 1,2. (4.4)u

This choice of E shows that as the bending stiffness EiI, becomes larger e, becomes
smaller which implies that the links behave more rigidly. Since the yi terms represent
the flexure effects, it can be shown that [7, 15] yi is of order ei. Thus, we let

yi = cizi, i = 1,2 (4.5) 1
where zi is our new variable for flexure effects. It can also be verified [7, 15] that as
E, vanishes, the dynamics of the rigid body motion are recovered. Working with two
different small parameters greatly increases the complexity of the integral manifold
equations. Thus, we make the following assumption: It
Al.) 0(ei1 ) = 0(e 2 ) = 0(e).

This allows us to deal with just one small parameter representing the flexibility of
the two links. It is important to note that this does not mean that el = c2. Indeed, I
these two parameters can differ significantly provided they are of the same order for
approximation purposes.

With the terms from above, we can now define the integral manifold:

Me. = {O1, 02, O,1, 62 zI, z,,2 i ,Y iIzi = hi,(O,,? k, ui, z,, i)i = hi(Oi, 6 i, ui, xi, e) } (4.6) 3
for i = 1,2 where hi represents the effects of flexure on the rigid body motion. The hi
variables are obtained by solving a manifold condition which is simply the substitution
of zi = hi into the transverse motion equation for link i. However, these equations
are very difficult to solve so the manifold terms hi and the torque control terms ui

are expanded in the parameter f as follows:

U, = uo + Cu,1 + o(F2 ) (4.7)
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hi = hio + chi + O(C2) (4.8)

B where hA, = hi(0i, 6i, ui, zi). It should be noted that in the equations to follow, we
simplify notation by writing hA, = h,(xi, t) to reflect hi,'s dependence on length (r,)
and time (09, 6i, u;). The hj terms do not depend on c since this is now assumed in
the power series expansion.

Substituting (4.1), (4.2), (4.4)-(4.8) into the flexural vibration equations and equating
like powers of f, we obtain the following manifold conditions:

3 Manifold equations for link 1:

0 (1) : x1 j , = - h lz l ( 4 .9)

3 0(f) h: o = -hizz1,zx, + hio00 (4.9)

5 Manifold equations for link 2:

0(1): -L X2(01 + 2) + L 01 cos0 2 = - - h2 0, 2z2 X2 -2  O f sin 0

SO(E): ý- h20 + - hio(1, t)01 sin0 2 = -j- h21,X2X2 X2 X2 + -h 20 (01 + 92)2 (4.10)
1_z hlo(1,t)cos02 + j-hio(1,t)0'cos02 - -h 1o(1, t)02sin02

where 0(c2) terms have been ignored.

Substituting (4.1)-(4.8) into the rigid body motion equations, and again equating like
powers of f, we obtain the following corrected slow manifold equations representing
the rigid body motion on the slow manifold. These equations are corrected in the sense3 that the flexibility effects from the manifold equations are included to increasingly
higher powers in c.

I Corrected slow manifold equations for link 1:

I
I
I
I
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0(1): [j + 219L1 cos +] [P +- + • 2L• k COS 02 ] (Ol + i2)

= - (2 i1 + 62)O2 sin 02 + U10

O(f): [2L--• hio(1,t) sin0 2 - L-0 2  sin0 2 f' h2odx-] Oj+

[•Lj hio(l,t)sin0 2 - ft sin0 2 fo hodX2](0i + 02)+
(L2 + L2 h10(1,t) + hlo(1,t)cosG2+ (4.11)

•i fol ihi1dz1 +- £Ifl [ntt +¢ L2 ] h2 odx2

n-• 02 hLa(1, t) sint 2 + ((4. +0 2)sino1f h20 dx

B--02 [2Y1 + 02] cos 02 fJ h2 odx2 + ul0 U

Corrected slow manifold equations for link 2:

0(1) COS 0 2 +2) + -a- j2 = _!sin02 u2o
0() 2-LC82 3Lt) Ol3LI -"-2-L2J

0(): [-2L sin0 2 fJo h20 dX2 + -'I hio(l,t)sin 02] ji+
A- f 2h2OdX2 + - k0(1, t) COS 02 (4.12)

L2~ 1 co0 2 fJ h2odX2 + -M io1t-o0 2

. ho(X, t)i, sin 0, +- U21

,3

where again the 0(f2) terms have been ignored. It should be noted that the 0(1)
equations of the slow manifold represent the equations of a two-link rigid manipulator
as expected. These equations are the slow subsystem of the flexible manipulator,
and in Section 4.3 we explain the strategy for asymptotically stabilizing the slow
subsystem. This terminology is important since it is the slow subsystem that must
be stabilized to ensure stability of the full system for small enough f provided the
fast dynamics are asymptotically stable.

Also of interest are the fast manifold equations. To derive this, we introduce the fast
or stretched time scale r = t/x/•. We also define the deviation of the flexure variables
from the integral manifold as

77i - zi - hi. (4.13)

Substituting (4.13) and the fast time scale into the flexible dynamics and letting
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C 0 [23] we get the boundary layer system

d I-I -71 XIzz h-,x l, - xl(Oi)0  
(4.14)d~r2

d3- -,:2z, :2 - h2 ,x.2z-zX 2 - z 2 ((61)° + (6 2)U) (4.15)

L, (61 )cos - 6 sin

with initial conditions

l -" z° -hi(9,(6i)°,u°,xI,O) (4.16)
0 = zo- h2(00,(6O2 )0, uOz 2,0). (4.17)

3 The above system describes the trajectories (0,,r ,7), which, for every given initial
condition (09, 09, 0i'), lie on a fast manifold defined by 0i = O' =const, and rapidly
descend to the slow manifold M0 (i.e., M, with e = 0).

4.2 Distributed actuator control

Though flexible manipulators have advantages in terms of speed, mobility, and re-
duced energy consumption, their vibrational characteristics make control more dif-
ficult. Passive damping of flexible robot arms is not adequate due to its additional
mass and its inability to adjust to changing flexibility effects. Hence, some kind of
active damping is desirable to control the vibrations. In Spong et al. [11] and Siciliano
et al. [211, only torque control is used to cancel the vibrational motion. But because
of the dynamical complexity of flexible links versus flexible joints, it would appear ad-
ditional control effort is needed. Current design practice in general flexible structures
is to use discrete or point actuators to actively dampen vibrations. However, these
flexible systems have an infinite number of degrees of freedom forcing most designs
to truncate the system model to a finite number of discrete modes. Choosing which
modes to represent the system and where to put the actuators is a difficult problem.
Chassiakos and Bekey [24]propose an optimal scheme for locating ideal point actua-
tors on a vibrating beam and Barbieri [25) incorporates the dynamics of a particular
proof mass actuator into the system model.

3 But in Bailey and Hubbard t26], Burke and Hubbard [27, 281, and Crawley and de
Luis [291, a distributed actuator which has the possibility of controlling an infinite
number of vibrational modes and adds a minimum of dynamical complexity to the
system model is proposed. The actuator is spatially distributed and makes use of
a polymer film. When a voltage is applied spatially across the faces of the film,

I it results in a longitudinal strain over the entire plated area of the film, making it
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a distributed parameter actuator. If this voltage is varied spatially, the strain will
also vary spatially and in Bailey and Hubbard [26] candidate voltage functions are
revealed as able to control all the vibrational modes of flexible beams with many
different boundary conditions.

The dynamics and hardware details of various film actuators are explained in Bai- I
ley and Hubbard [26], Burke and Hubbard [27, 28] and Crawley and de Luis [29]
and will not be repeated here. Instead, the new equations of the two-link structure
with distributed actuator control are derived by adding the polymer actuator to the
manifold equations which are essentially Euler-Bernoulli beam models with slewing
effects [16, 30]. The film type distributed actuator will affect the manifold equations 3
as well as the boundary conditions. This actuator will also impact the corrected slow
manifold via the solution of the manifold equations (i.e., the hij terms). But it will
not affect the rigid link motion (i.e., the 0(1) corrected slow manifold equations). I
The primary difference between the work presented in this chapter and the work of
Bailey and Hubbard [26], Burke and Hubbard [27, 28], and Crawley and de Luis [29]
in implementation of the film is that the flexible links are slewing (rigid body motion) I
as well as vibrating. The new manifold equations can be stated as follows:

0(1) manifold equation for link 1: 3
z1691 =- -h10 ,zj1 zjz1 + ;-L3Vizj~ (4.18)I

0(1) manifold equation for link 2: 1
1 - 1- 1 1 "2 m 2

X2 z2  sin (20+ + 02 V20 2S0 (4."19)

where Ir(xj,t) is the voltage applied to the film on the ith link which can vary in
both space and time and mi is a physical constant representing stiffness and other
parameters of the film. The boundary conditions with the addition of the film actuator
can be found in Schoenwald and Ozgiiner [17]. 3
Bailey and Hubbard '26] show that a uniformly spatially varying voltage e'-tribution
fails to control even-numbered modes of many types of vibrating beams. But we have
proposed a uniform distribution for the film since our assumed geometric boundary
conditions are clamped-free which are controllable via this distribution [28]. The
shape of the actuator's spatial component is obtained by cutting the film into the
desired shape and adhering it to the longitudinal faces of the beams. This implies
that only the temporal component of the film voltage can be varied since the shape
of the film must be determined a priori. Thus, our control strategy focuses on the 3
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type of control that would be most effective for the temporal component of the film
distribution.

It is proposed here that feedback for this time-varying voltage will enhance the damp-
ing properties of the actuator. There are two primary types of feedback currently be-

Sing considered: (a.) feedback of position error obtained from hub angle measurements
and (b.) feedback of the endpoint acceleration of each link. Strategy (a.) showed the
most encouraging results of the two, however, both methods proved feasible. Results

I of these simulations appear in Section 4.4.

3 4.3 Approximate feedback linearization

From (4.11) and (4.12), we choose the control terms u,0 to linearize the 0(1) corrected
slow manifold equations. This is simply the linearization of the rigid manipulator
dynamics and can be done via the well-known computed torque method as is suggested
by Spong et al. [11] and Siciliano and Book [12]. Because of the reliance on the rigid
link angles and their derivatives in the calculations, the following assumption is made:

A2.) 0i, 6i are assumed to be measurable.

Assumption A2 is quite reasonable since fairly inexpensive hardware is available for
such purposes, e.g., shaft encoders and tachometers. The computed torque method
will not require the measurement or estimation of joint acceleration, 0i, thus negating
the need for differentiation of measured signals. With the rigid linearizing control
law, the 0(1) equations for the corrected slow manifold (i.e. the slow subsystem) are3 as follows:

0(1) rigid body motion equation for link 1:

j + ýE23 +P2 3j2 VI(4.20)
IL U

0(1) rigid body motion equation for link 2:

P2 3e0 + - 02 = v 2  (4.21)
3L--3L

where vi are the external inputs needed to implement the desired slewing behavior.

The above equations imply that the 0(1) feedback linearization strategy results in
two double integrators which are well known to be controllable through PD feedback
(i.e., joint angle and velocity feedback). We now briefly discuss how the PD control
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I
gains can be chosen from the linearized model. First, we put the linearized model
into state space form by defining the following states g

6= 01-0*, 6 2=O1, b3=02-0;, ý44= 2 (4.22)

where O9 is the desired slewing angle for the ith link. Next, we define two physical U
constants

m, = Ih + - oL + 302L2 + M2 LI +p 2 ,L2L, M 2 = 3 L2 (4.23)

which allows us to express the linearized model as

", 0 10 0- 0 0

[ 3 0 0 0 [ J3 + 2 0l-m2 v0] (4 .24)

. M -m2 m2(mi-w1 2 )

This system has four poles at the origin and its controllability matrix has full rank.
Now we define the decentralized feedback laws I

VI = 911i1 + 912.2, V2 = g9i23 + g922 44  (4.25) I
where the goal is to choose the gains to obtain moderately damped poles without
choosing the gains too high so as to excite vibrational modes through the effect of I
the higher order nonlinearities.

Following standard pole placement design techniques, it was decided to place the I
poles such that two of them are a complex conjugate pair with approximately 3%
damping with the other two on the negative real axis. With physical constants of
rn1 = 2.02 kg-m 2 and M 2 = 0.0046 kg-m2, the gains obtained were gil = 912 = -10, I
921 = -0.5, and 922 = -0.02. Other pole placements were analyzed, however as
damping increases so do the gains which results in the excitation of higher order
nonlinearities. The oscillations in the joint trajectories were particularly sensitive I
to the velocity gains gi2. Smaller gains resulted in longer settling times. Thus, to
achieve greater damping without exciting higher order nonlinearities, the corrective
(0(E)) control is needed.

The remainder of the feedback linearization strategy is to choose the control terms
u•j to cancel nonlinearities in the O( E) equations. This can be done to an arbitrary I
power of E. A detailed description of the 0(E) linearizing controller is presented
in [17]. This control law represents a higher order correction to the rigid linearizing 3
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controller. The decision as to when to incorporate the higher order control law will
depend upon the particular structure involved. Generally, flexible structures with
principal vibratory modes under 10 Hz will benefit from higher order control laws.
But, only very flexible structures (f's greater than 0.1) would require anything more
than the 0(e) control law. The addition of the distributed actuator will alleviate much
of the elasticity problem, but the higher order control law may reduce the amount of
energy the distributed actuator is required to add to the system.I
4.4 Simulation results

In this section, results of our computer simulations on a two-link flexible manipula-
tor are presented. The computer program which handles the simulations implements3 a finite-dimensional model of the system using the assumed modes method. This
method and the derivation of the finite-dimensional model as well as structural di-
mensions of the OSU two-link flexible manipulator are detailed in [17]. Gravity effects
are not incorporated in the model, but viscous damping of the links is included. The
simulated sampling time was 10 milliseconds and a 5th order Runge-Kutta differential
equation solver with adaptive stepsize was utilized for solving the system differential
equations.

The program simulates a one-mode expansion for each link. The first link is modeled
as clamped at one end with a mass and moment of inertia at the other end repre-
senting the second joint/link assembly. The second link is modeled as clamped-free.

These assumed mode shapes represent our effort to accurately include the analytical
boundary conditions. The details of these mode shapes are discussed in [17]. The
experimental results of the structure in Yurkovich et al. [31] indicate only one mode
is apparent in each link, thus a one-mode approximation is justified. The modal fre-
quencies obtained from FFT plots of tip position are 1.6 Hz for the first link and 1.5
Hz for the second link. From (4.4), c, = 0.0282 and F2 = 0.0315 using structural data
from Schoenwald and Ozginer [17]. Since ci cx 1, the ratio predicted by the e values

is '• = 0.946 which is very close to the simulation results of •z = 0.938.

The torque control consisted of a PD component plus the 0(1) linearizing control
described in the last section. The PD controller consists of constant feedback of the
shaft velocities and constant feedback of the position error of the rigid link angles. The
procedure for choosing the gains for the PD coutrol was explained in Section 4.3. The
distributed actuator control consists of a spatially uniform component and a temporal
component consisting of constant position error feedback as described in Section 4.2.

SSeveral other types of feedback were implemented including tip acceleration and tip
deflection, however the position error feedback achieved the most encouraging results
and in a physical system it would be easy to measure. The boundary conditions are
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incorporated in the distributed control law via distribution theory since the uniform
spatial distribution must be differentiated twice at the boundaries (which involves
taking derivatives of delta distributions).

In all plots the first link is initially displaced 45 degrees above a reference line and
the second link is initially displaced yet another 45 degrees from the first link. All
angular velocities and accelerations are initially zero and so is the initial tip deflection,
velocity, and acceleration. The desired final position is for the two links to be on a
straight line with each other at the reference line, i.e., 01 = 02 = 0 and both links at
rest. That is, both links are slewed through an angle of 45 degrees. The film actuator
simulated here is a normalized model of the one described in Bailey and Hubbard [26]
and Burke and Hubbard [27, 28]. This implies that the film physical constants are
simply embedded in the applied voltage. Thus, the results obtained are applicable to
many types of film actuators.

Hub angle proffles (solid-link 1, dashed-link 2)

0.6-

0.4

102
-02

.0.0 2

"0 1 2 3 4 5 6 7

timeseconds

Figure 4.2: Joint angle plots with PD feedback and 0(1) linearizing control. I
3
I
I
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Hub velocity profles (solid-Iink 1, daieud-link 2)
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3 Figure 4.3: Joint velocity plots with PD feedback and 0(1) linearizing control.
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Figures 4.2 and 4.3 show the joint angles and velocities vs. time for the above de-
scribed torque control and slewing maneuvers but without the film actuator. It can
be seen that the links achieved their desired positions in about 3 seconds. The joint
angle and velocity responses of link 2 oscillate as is seen in Figures 4.2 and 4.3, but
this is not the case for link 1. The first link has a much heavier mass than the second
link (about 10 times as heavy as link 2) making it more difficult to oscillate. Also,
nonlinearities of 0(f) (which are not canceled by the torque law) create a more over-
damped response at the joint of link 1. Figure 4.2 shows the hub angle responses
with PD control and the 0(1) linearizing control. Plots not shown here indicate that
PD control by itself has a very similar response to Figure 4.2, but the responses take
approx. 0.5 seconds longer to settle down. Thus, the linearization helps but not 3
substantially. The addition of the distributed actuator has little effect on the hub
angle profiles.

Endpoint deflection of link I (solid-with film, dasbed-w/o film)
4

:A3 ii I,
2

-2 5
-3

0 1 2 3 4 5 6 7

time.slnds

Figure 4.4: Endpoint deflections of link 1 with and without distributed actuator. 3
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3 Enccikm dflecio ofli b 2 (wfid-wib s.m. daued-wlo film)
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I Figure 4.5: Endpoint deflections of link 2 with and without distributed actuator.
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Figures 4.4 and 4.5 illustrate the tip deflections with and without the film actuator.
The torque control applied is exactly the same as in Figures 4.2 and 4.3. As can be
seen, the maximum absolute deflection has been reduced in the first link from 3.9 cm
to 2.4 cm, and in the second link from 8.7 cm to 3.7 cm. The improvement is most
noticeable in the second link (approx. 60% reduction) which would normally be the
payload-carrying link. The distributed actuator force for link 1 is overdamped, thus
the reason for the reduction of deflection in link 1 on the positive side but not on the
negative side as is apparent in Figure 4.4. The small phase shift evident in the tip
deflections of the second link is due to the position error feedback of the film actuator.
The film feeds back the position error in a decentralized fashion, i.e., the ith link's
film feeds back the ith link's joint angle error. Because of the nonlinearities in the
flexure equations (which are of O(f) and are not linearized by the torque controller
here), there is a small phase shift between the joint angles and tip deflection.

Endpoint velocity of link 1 (solid-with film, dasbed-w/o film)
25-

20 I
1 I

101

5I

-20I

-25
0 1 2 3 4 5 6 7

time~seconds I
Figure 4.6: Endpoint velocities of link I with and without distributed actuator. 1
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Endpoint velocity of link 2 (solid-with film, dwhed-w/o film)
6.

3 4

3

I

3 Figure 4.7: Endpoint velocities of link 2 with and without distributed actuator.
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Also important in vibrational dampening is the reduction of tip velocity. One can
imagine a payload on the tip of the 2nd link a-ad the importance of keeping the!
endpoint speed at a minimum. The plots in Figures 4.6 and 4.7 indicate that the
tip velocities are reduced, particularly in the second link whose maximum endpoint
velocity has been slowed by a factor of 6. The tip velocities also settle faster wi,,h the

film actuator than without it.
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5. DECENTRALIZED FEEDBACK LINEARIZATIONU
Many nonlinear control strategies exist (variable structure control, perturbation meth-
ods, sensitivity analysis, and Lyapunov methods) for systems with full state inforrna-
ti,,n. In the effort presented in this chapter, we focus on feedback linearization due to
its ability to transform a nonlinear system into a linear one, thus allowing the wealth3 of linear control techniques to be utilized. Figure 5.1 shows the basic idea behind feed-
back linearization. The tools needed are a nonlinear change in coordinates. z = P(x).
tc transform the system into its normal form. Then a linearizing control law in the
new coordinates renders the system's state space as well as its input-output response
linear in these new coordinates. The transfer function of the closed loop system is
H(s) = - where r is the relative degree of the nonlinear system.

Linearized System

IV- ( ) U i=f(x)+g(x)u IIg U= a• z) (-bVz+v)-----W- y=h(x) I Y "

Iit
SIx

Figure 5.1: Concept of feedback linearization.

a Much work has been done on centralized feedback linearization for MIMO systems.
but decentralized feedback linearization has received little prior attention. In the
centralized MIMO feedback linearization approach, each input is assumed to have the
full system state available for feedback. Restricting each input to use only its local
state generally makes the problem unsolvable because nonlinear interactions between
states or subsystems cannot be canceled. Thus, decentralized feedback linearization
must focus on the observer problem as well as looking at specific classes of systems for
which the problem may be solvable. In the last year, we have developed four methods
for use in various aspects of the decentralized feedback linearization problem which we
describe in this report. We also propose two structures for applying these methods.

I
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We begin by looking at the observer problem. If just one input-output pair is suc-
cessfully able to observe the full state then this pair could be used to linearize the
system. The idea then is to close all but one of the input-output ports with output
feedback and choose these output feedback functions such that the conditions for
solving the observer problem at the one remaining open input-output port are met.
This procedure is illustrated in Figure 5.2 which shows a block diagram of a MIMO
nonlinear system with m input/output ports. All but one of these ports is closed
with local output feedback. If these feedback laws are chosen appropriately then the
last port will be able to construct an observer for the full state.

<I

KI YIS--

I

Figure 5.2: Decentralized strategy to observer design.

As an example, consider the following system consisting of two nonlinear coupled
subsystems with linear interconnections

.i = fu1(x 1 )+A 12x-2 +g 1 (x 1 )u 1 , Y==CIXI (5.1)

i2 = A 21X1 + f 22(x 2) + g2 (X2)u 2 , Y2 = C2X2

An observer can be constructed at port 2 (we could have just as easily chosen port
1), if the following two conditions hold:
i.) C2 0 0, C2 A21 0 0.
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ii.)The feedback function ul = KI(yi) must be a solution to the partial differential
I equation

Ofl K(y) + 2O1_•± O K 8 1+
2±ýX2 'x x 2

1  (5.2)3x 1  1x 9X2

Specifically, if f1l(x 1 ) x x2 and gl(xi) = x, then (5.2) becomes

a2K1  2K 1  (53)

which gives us the linear output feedback ul = Ki(yi) = -Cj yi.

I The next issue to address is the decentralized controllability of the linearized system
obtained upon successful feedback linearization. We show that the linearized system
(which is in Brunovsky canonical form) can be asymptotically stabilized via decen-
tralized dynamic output feedback. That is, this particular canonical form contains no
decentralized fixed modes (modes that are invariant under static decentralized feed-
back). This result shows that if the decentralized feedback linearization can be solved
by one controller then the task of controlling the linearized system can be relegated
to another controller.

I This approach is illustrated in Figure 5.3. A linearizing controller utilizes state feed-
back (which may be provided by an observer) to linearize the MIMO system. Then,
local control laws employing dynamic output feedback can stabilize the linearized
system. This is possible because we have shown that the canonical form one obtains
upon linearizing a system contains no decentralized fixed modes. This means that all
eigenvalues of the closed loop linear system can be moved via static output feedback,
thus dynamic output feedback can stabilize these modes. This result allows us to
relegate the linearization of the system to one controller and the stabilization to the

Sremaining controllers. The importance cf this result is that we can design stabilizing
decentralized control laws for a linear system.

The next issue we address is that of linearizing and stabilizing coupled subsystems,
each of which is nonlinear as well as the coupling terms. We assume each subsystem
has its own state available for feedback. We show that if the nonlinear subsystem can3 be linearized except for the coupling terms then a suitably chosen linear state feed-
back can exponentially stabilize not only the linearized subsystem but the nonlinear
interconnections as well.

The system we consider consists of two nonlinear weakly coupled subsystems with
nonlinear interconnections as depicted in Figure 5.4. The system equations can be
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MIMO LINEARIZED SYSTEM

/

/ // ~NONLINEAR

/ M

/ 1 x uI

LINEARIZING CONTROLLER

Y , V , Y .

0 0 1
DECENTRALIZED STABILIZERS

Figure 5.3: Multi-level approach to linearization and stabilization.U

written as

•l = f(Xi) + 'f12(X2) + g91(x 1 )u1 , yj = hj(zi) (5.4)

i2 = f22(X2) + /f2x(X 1) +g 2(x 2)u 2 , Y2 - h2(x 2) 5
where c is a small parameter representing the strength of coupling. Each subsystem
has its own input and output with the outputs depending on the local state only.

Our result is that if the interaction terms satisfy a Lipschitz condition (the norm of the
interconnections is bounded by the norm of the states) then the overall system can be

exponcntially stabilized to a prescribed degree y (i.e., x(t) exp(-7t) --, 0 as t ---# oc).
The control required to achieve this result consists of local feedback linearization
which linearizes everything but the coupling terms. Then a local state feedback with 3
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i Ui x=f (x)+g (x)uY

I~~~ x=h(x2 )+gx

i Figure 5.4: Weakly coupled nonlinear system.

gain obtained from an algebraic Riccati equation is designed to exponentially stabilize
the system to some prescribed degree. The significance of this result is that using
decentralized feedback only, partial linearization of all but the coupling terms and
local state feedback are all that is needed to exponentially stabilize these weakly
coupled nonlinear systems.

The final result we analyze is that of improving the solvability of the MIMO feedback
linearization problem via feedback. That is, we ask the question, can state feedback
at all but one of the input/output ports allow one to solve the feedback linearization
problem at the remaining input/output port? This is useful for systems that are not
feedback linearizable using centralized feedback. Thus, we are interested in feedback
laws that can transform a MIMO system that is not feedback linearizable into a
single-input single-output (SISO) system that is feedback linearizable. The solvability
of the feedback linearization problem depends upon the relative degree, r, of the
nonlinear system (the number of times the output can be differentiated before at3least one component of the input appears). The relative degree requirement (r must
equal the system order, n) is difficult to satisfy. But, if the feedback functions,
ui = K,(x), i = 1, ... , m, are chosen to satisfy the partial differential equations that
govern the relative degree requirement then the feedback linearization problem is
solvable. Essentially, one chooses these feedback functions to satisfy certain partial
differential equations so as to enhance the relative degree of the nonlinear system.
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Then the feedback linearization problem is solvable from the rmth input/output port. I
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6. VARIABLE STRUCTURE CONTROL OF RIGID-FLEXIBLE
CLOSED-CHAIN SYSTEMS

3 This chapter details modeling, control, and regulation characteristics of rigid-flexible
closed chain systems in general, and a Rapid Deployment Truss (RDT) in particular.
The modeling element unique to this work is extension of holonomic structural con-
straint modeling to the context of flexible bodies. The Lontrol element unique to this
work is that the truss deployment be high speed, while not excessively exciting flexible
modes. Applications in the large space structures context for such a device include
rapid deployment of parabolic dish antenna back-up structures, instrument support
platforms, or other space-based devices requiring precise orientation or position.

3 The obvious motivation for lightweight and rigid large structures in space is reduction
in total mass lifted into orbit. However, such structures generally require assembly
in orbit, either manually or by teleoperation, both of which can be slow processes.
Addition or removal of various segments and modules at a later time would also be
as inconvenient. This consideration generates a need for adaptable space structures,
those which can vary their configurations.

Previous work on deployable structures emphasizes kinematics of such structures. A
flat-folding octahedral truss is experimentally verified in [32], but the system dynamics5 are dominated by dynamics of lead-screw type actuators. Kinematics of a planar
variable geometry truss are formulated in [33], but not dynamics. In these cases,
structural vibrations during the deployment phase are not addressed, and in fact
the deployment is deliberately slow in an attempt to not excite structural modes
excessively.

3 Motion of flexible structures undergoing large angle, fast slewing maneuvers has been
investigated in the context of flexible manipulators. Research on flexible planar ma-
nipulators, while fairly mature, has been limited to devices with one or two flexible
links, with each link usually modeled as a single flexible beam. Detailed flexible ma-
nipulator models have been developed, some based upon Timshenko beam theory,
which include higher order effects such as coriolis terms and centrifugal stiffening.
The planar Rapid Deployment Truss considered in this work is shown deployed and
during deployment in Figure 6.1 and Figure 6.2. This ladder-like planar frame acts
as a static truss when fully deployed, having the desirable truss qualities of low mass
and rigidity if joints are locked. In contrast to a manipulator, it has many links or
members, and multiple holonomic constraints on allowable configurations, constraints3 which must be obeyed to maintain structure connectivity. Actuators and sensors are
distributed throughout the structure, as are torsion springs which augment rapid
deployment. In these ways it is neither a manipulator nor a static truss.
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Figure 6.1: Deployed RDT I
I
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I

Figure 6.2: RDT During Deployment

As will be shown, the RDT has complicated nonlinear dynamics, its rigid body and
flexure motion terms are coupled, and it may be subjected to modeling uncertainties
such as tip load variation. A control approach that has met with success for such
complicated problems is variable-structure controllers ("VSC") [34, 35, 36, 37]. The
VSC philosophy ;- t1-, a high gain fee,.4ack, which changes structure according
to the location of the state vector with respect to a defined surface in the state
space. Under conditions that guarantee stability, the state will "Elide" to the origin
along this surface. A known drawback of this approach is the "chattering" phenomena
around the switching surface. In [38] is developed the theory to selectively curtail this
chattering, by inserting a filter designed according to the rules of frequency shaped
quadratic regulators into the system. The method is summarized and applied to the I
control design for a simplified RDT in the sequel.

I
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6.1 Modeling of Flexible Rapid Deployment Truss Structure

U 6.1.1 Modeling Assumptions

The basic truss structure studied in this work is that of a planer n bay box type truss,
spring loaded in stowage, and actively dampened in deployment by multiple actuators
as in Figure 6.3. Note in this figure that torque springs are chosen to act between

I

5 IFigure 6.3: RDT with Coil Springs in Place

serially connected longitudinal members, while lateral members ("rungs") are end
connected as pinned, and thus no moments can be transferred from the longitudinal
to lateral members.

For a static frame-truss, members can be considered much stiffer in the axial direction
than in the lateral. In this work, the assumption of zero axial displacements of
members in simple static truss bay configurations is assumed extendable to dynamic3 multi-bay structures such as the RDT.

Since the truss considered is chosen to be deployed by torque actuators augmented
with torsional springs, both of which are chosen to act between longitudinal mem-
bers only, and rungs are connected freely at pin joints, the deflection of longitudinal
members, those vertical in Figure 6.1, will occur. If longitudinal members undergo
small flexures, little foreshortening of these links from the nominal length should
occur. The resulting assumed structure becomes that of two n degree-of-freedom
flexible manipulators operating in parallel, with deployment springs and holonomic3 constraints imposed by lateral members at joints.

The dynamics of the two unconstrained n link flexible open kinematic chains can3 be found using Timshenko beam theory or Euler-Lagrange formulation. In [39], sin-
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gle holonomic constraints between parallel rigid manipulators is considered but con-
straints between flexible manipulators has not yet been approached. Inclusion and
control of rigid body constraint forces in a linearized state space model for dynamics I
is developed by Hemami in [40].

In modeling flexible links as slender beams, it is both convenient and a valid approx-
imation to restrict the model to finite order by truncating the full set of modes and
including only those modes which are considered most important based upon some
criterion. For simple slewing structures undergoing small vibrations, the continuous
solution to a partial differential equation (PDE) representative of its motion can be
found as in [15] for both one- and two-link flexible open kinematic chains (manipula-
tors). However, even when the exact PDE solution is available, it generally must be I
spatially discretized in some manner for purpose of simulation. In many cases it can
be shown by limiting criteria such as controller bandwidth that it is not feasible to
attempt to model or control a very large number of modes. Thus some "error indices"
might be defined which provide a criterion for exclusion of higher order modes. I
6.1.2 General Solution of Holonomic Constraint Forces

In this section, a method proposed by Hemami in [41] is derived which keeps holo- i
nomic (configuration dependent) constraint forces in evidence for modeling and con-
trol of open- and closed-chain linkages. The derived method is applicable to rigid
or flexible linkages, if the flexure variables have been expressed as a finite dimen-
sional summation of modal terms, perhaps based upon the assumed modes modeling
method. If vector z is taken as the position state vector of the complete unconstrained 3
system, then the corresponding linkage dynamics can always be expressed as

Mi.+g(z,')= (a) =r+u (61)

where r is the vector of constraint forces, and the holonomic constraints are expressed I
as C(z) = 0. To solve (6.1) explicitly for constraint forces F, first twice differentiate
C with respect to time, giving 5

T) =i + aci = 0. (6.2)

Solve for acceleration i in (6.1) to find

S= M-' g(Z,,)+ (a)C r + u]. (6.3)
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Multiply through (6.3) by (2Q) then substitute from (6.2) for (O)i which gives
-(M- 1 u (6.4)

It (ý' O=- M-az ') 7z Oz +Oz

I Solving for r yields

r= z-M {(z]iT OC + 8 M [9(z,i)-u, (6.5)
13 8z az .5z -5 Z }

I as the expression of constraint forces.

1 6.1.3 Dynamical Consideration of a Simplified RDT Structure

Consider modeling of a simplified RDT structure, dynamically equivalent to par-
allel rigid-flex manipulators constrained in position by a rigid pinned-pinned beam
"("rung") at the endpoints of the first links only. A detailed structural schematic5 appears in Figure 6.4. Parameters appearing in the figure are defined in Table 6.2.

L ".

62.' .231

YO L1  L2

Figure 6.4: Simplified RDT Structural Schematic

For each rigid-flex manipulator individually, equations of motion using the assumed
modes constrained expansion will result in
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M~e2 2 +F1 .~I+Ff 2 1+ K 92= 0

LM 2J L. GJ L '1 j L2 ] L.J [oN2 
0 N[J ' I

where q2 = [q21 , q22, 7... ., q 2 ]T modal states, j = mode number (1,..., N2 ), and
M, F,, Fq, and K are'mass, centrifugal, coriolis, and stiffness matrices. A small i
damping term involving coefficients p2 is included for modal states. Control torques
ul have no direct effect on modal state variables, but affect the rigid body angles 01,
and through coupling off-diagonal terms in the mass matrix affect modal states.

The rung equations of motion can be written using balance of inertia and constraint
forces in the free body diagram of Figure 6.5. Summing horizontal (Xo cirection) and

I
a 2

"U2

I

I

Figure 6.5: Simplified RDT, Rung Free-body Diagram 3
vertical ( Yo direction) forces gives

f, = nmii; -(I,
g= = -* (6.7)

where i* and j are the horizontal and vertical acceleration components of the center

of mass of rung. Likewise summing moments about the center of mass (00 direction)
gives 3
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fjlds - f(d - d),s + g'(d - d); - gldc; = Iil*, (6.8)

I where s, and c represent sin 0G and cos 0* respectively, and d is the distance from
left hand pinned joint of rung to its center of mass.

Angular state variable 0G will be maintained explicitly in final equations of motion, as
the degree of freedom which allows calculation of explicit constraint forces {f , g' }.
However, accelerations ai, and j,* can be expressed in terms of the left hand side
manipulator's state variables and 09, by writing equations for the center of mass
position of 4,he rung, then twice differentiating these with respect to time, giving
accelerations

ij= -LO C 1 -d 2 C;- LjOs, - dlls*,
* Y = -L162s1 - dG sI + L161c1 + dlIcý. (6.9)

Substitute the preceding accelerations into force balance equations (6.7) to yield

fU = ml(-LiO0ci - <02;- L;1- d0;s;) - f

g m = *(-Li0•s1 - d*02s + L1 ;cl + dlc;) - (6.10)

I To write the equations of motion of the rung in terms of left manipulator variables
and the explicit constraint forces {f,, g'}, substitute the right half sides of (6.10) into

* (6.8) to have

•(.I*+ d 2 m) = mdj[O( -L+c(0i -92))+O Lis(01 - )] - lf + dc~lg 1. (6.11)

The implicit {fl,gl} and explicit {jý,g'} constraint forces will affect the individual
manipulator dynamr,-. 1,hrough a term added to each manipulator's equation of motion
(6.6) to give an equation for the left side manipulator of the form

3 M[.] + F,[-] + Fr,[.] + Damp + K[.] = [.]u - J[ [ ] (6.12)

3 where the Jacobian matrix J expressed in terms of inertial coordinates { X0 , Y0 } has
the form

3 F-s1L1 ciL1
j 0 0 o (6.13)

ON2  ON2

In the equation of dynamics for the left side manipulator (6.12) the expr iions of
forces f, and g, from (6.10) can be utilized so that these forces are included implicitly

*56



i
U

in the left manipulator model. Here the term -J 91 [ will have only first row
nonzero elements of the following form. 

I
.s1Ltfl - ciLlgl (6.14) 3

Expanding this and simplifying the result gives

(6.15) I
m,(dj 2'Lis(O* - 01) - G1L' - j*d*Ljc(OG - 01)) - s1Ljf• + cLlg,. (6.16)

The equation (6.16) is easily included in the left side manipulator equations (6.12)
by suitably modifying elements of the mass, centrifugal, and coriolis matrices therein.
The equation of (6.12) with only explicit constraint forces {f,g') takes oi the form

M[-] + F,[-] + F~,[.f] + Damp + K[-] = [.]u + Jj1 [ f] (6.17)3

For inclusion of the rung into the system model, equation (6.11) is appended as a row
to the dynamics of the left manipulator (6.12).

Similar to the left side, the equation of motion for the right side manipulator has the
form I

�['1] + F1[ + F,1j.] + Damp' + K'[.] u' - fT [ (6.18)

and the Jacobian 3E -L 'L'
J T0 = 0 (6.19)

2
0N; 0 N;

In this simplified RDT structure since the constraint loop is made up of only rigid I
members, the Jacobian is not dependent upon modal terms as would be the case for
a flexible link loop. The method is hov',ever extendable to flexible members in the
constraint loop. as shown in [42].

Prior to solving (6.5) for constraint forces, the method discussed in Section 6.1.2 re- H
quires writing constraint equations of the form C(x) = 0 where x = [01, 02, q2, 0, O', 2'
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is the position state vector of the complete unconstrained system. If endpoints of left
and right side manipulators' first links are expressed as 21 and t, where

3-[Lic, ] d #[+L, ci , (6.20)I '= Lls, ' L = [L~ls',

then the constraint equation can be written as

C(x) = :l - i, - d =1 0.(6.21)

The solution of constraint forces in (6.5) also requires solving for ". By definition

aC =a ii- d c!(6.22)

I but from (6.20) the partials of ±1 and i' with respect to vectors [01, 02. q2] and
[01, 02, q'2] respectively are zero matrices. Thus ýC can be expressed as

jT= C j ds~ (6.23)
,Ox . (- dc., J

i where the Jacobians in inertial coordinates have the usual definitions as in Section
6.1.3. Simulations of such a constrained dynamical system can take advantage of3 available Jacobian values when calculating the term J.

The model of this simplified RDT structural dynamics is thus shown to includc ex-
plicitly holonomic constraint forces as a means for coupling its sides.

6.1.4 State Space Formulation

The general equations of motion for both manipulators and RDT type structures,
both rigid and flexible, can be written in the form

M(X)i + g(X Jc) = JTr(x, u) + Bu (6.24)

I where x is the n/2 by 1 vector of rigid-body and flexure coordinates, M(x) is the
positive definite mass matrix, g(x, i) is all nonlinear terms due to centrifugal, coriolis.
and gravity effects, the holonomic constraint expression C(x) = 0 represents all closed
structural loops, F(x, u) is a vector of constraint forces or Lagrange multipliers, and 3B
is the control distribution matrix for input vector u. Using the expression derived for
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constraint forces F(x, u) in (6.5), and grouping terms in input u, the system dynamical
equation (6.24) can be rewritten as

M~x~ +~xir)+ T [M1Jf 1  ýT(J~i) - JM-'g(z, i

= [-JT(jM-1JT)-rJM-1 + B]u. (6.25)

the state space form of (6.25) can be written in more brief form

-- f(x,.i) + D(x)u (6.26)

where

f(X, ) =

M-i(X) -(.,, i) - JT(JM-'J )-'[iT O(J-) - Jg(z,], (6.27)

D(z) = M-'(x) { B - JT(JM-1JT)-1JM-1} (6.28)

Since matrix M is a function of :, both f and D are nonlinear. The vector f is a
nonlinear function of both x and i due to expressions a(x, i) and iT°(Ji).

6.2 Frequency Shaped Variable Structure Control for RDT

In this research, a frequency shaped sliding mode approach [38J is being considered.
The method is applied in two steps. First, a controller with variable structure (VSC)
is established according to some switching logic. At this primary design stage the link
flexure is treated as a system uncertainty or disturbance to the rigid body motion.
The aim of VSC is to guarantee tracking error convergence of each rigid body joint. In
the next stage of the control design, the switching surface is selected to act like a set

of linear operators with high frequency control penalty. As a result, high frequency
modeling uncertainties are less excited.

For the RDT, since no direct actuation of flexure variables is available, there is no
design degree-of-freedom to control their deformation directly. However, since the
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switching surface of VSC can be chosen arbitrarily, the switching surface can be se-
lected to act like an operator which controls the vibration indirectly. When a nonlinear
system enters the sliding mode, its dynamics become those dictated by the switching
surface. If the surface dynamics are linear, the linear operator can be devised by ap-
plying optimization methods. Moreover, there is a degree-of-freedom for the designer
to choose weighting matrices in the performance index, weighting matrices which can
be made frequency-dependent based upon RDT structure bandwidth.

6.2.1 The "Switching Surface " as a Linear Operator

I In this section we will consider the "switching surface" not to be a hypersurface, but
a linear operator representable as linear, time-invariant dynamic system itself, acting
on the states. The model is assumed to be the system

*~i [A]l[ A12 :] [~ (6.29):i2 A21 A22 X2 B2 u(.9

where x1 E R", x 2 E r", u E r", the matrices are real, of compatible dimension and
/B2 is of full rank. The switching surface is

Sa = C(XI) + X2 (6.30)

where C(.) is a linear operator which has a realization as a system, i.e.,

" = Fz z+Gz1

y = Hz+Cxz

Here we have assumed that C(-) has an equal number of poles and zeros (or less
zeros). Extensions to more zeros can also be made, introducing derivatives of x1 .

The total system is

SF G 0 z 0

0 All A12 X1 + u

0 A21  A22

I1
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The equivalent control on the switching surface can be found from using the conditions
(7-0

[H C] z =O (6.31)XII
and 0

H; + Ci• + i2 = HFz + HGx1 + CA1 1 :1 + CA12X2

+A21x2 + A 22X2 + B2Ueq = 0

to giveI

Ueq = -Bý 1 [HFz + (HG + CAj + A21):1  (6.32)

+(CAu2 + A22)x2] (6.33)

and

X2 = -Hz - Cx1

Thus, Uq can also be expressed as

Ueq = -B2'[(HF - CA12H - A22H)z (6.34'

+(HG + CAI, + A21 - CA12C - A 22C)xI]

On the switching surface, the reduced order system is

z = Fz + Gx3

ii = A1 1x: + A12X2 = Alix: + A 12(-Hz - Cxj)

Thus, this is a pair of systems in feedback configuration.

Note that if a is non-dynamic, it is realizable as y = Cx1 which is the standard
switching surface representation.

What we have thus accomplished is insertion of a "filter" (dynamics to be defined as
required) into the standard switching control.

I
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6.2.2 Frequency-shaped Optimal Sliding Mode

I In an earlier work Utkin and Young have shown [43] how a quadratic regulator can
be defined to specify behavior of a system in the sliding region. Ozgiiner and Oz
have shown [441 the clear relationship between the choice of weights in the quadratic
regulator and the inclination of the hypersurface, in mechanical systems. Thus the
formulations above can thus be merged for a frequency weighted variable structure
controller which will filter the vibrational modes.

As developed by Utkin and Young, this method called for the minimization of the
quadratic cost,

J= (xTQx)dt (6.35)

where t, is the time at which sliding mode begins. This problem was interpreted as
an LQ optimal regulator problem for the transformed system,

*~i [AllZ. A [112[o (6.36)i2• A21 A22 X2 B2u

for which the quadratic cost,

J= (XTQIIxI + 2XTQ12 2 + XTQ22X 2)dt (6.37)

I is minimized with respect to X2. The optimal switching surface S(XI, X2) = 0 is derived
from the optimal control solution of this problem to be:

X2 = -Q-[AT P + QT ]X (6.38)

where P is the appropriate Riccati equation solution. The above expression also
defines the switching line. While sliding mode exists, in the upper row of (6.36)
X2 can be regarded as a vector of operating variables. Consequently, the frequency-
shaped optimal sliding mode is realized through replacing (6.37) by

I = !L (jw)QIIX(jw) + 12:(jw)Q22(jw)x2(j'w)] dw (6.39)

where Q11 is positive semi-definite, Q22(jw) is a positive definite Hermitian matrices
for all frequencies. The state weighting matrix Q22(jw) is selected to have a high
pass filtering property to penalize high frequency control efforts which may excite

* vibration of higher order flexible modes.
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6.2.3 Variable Structure Control Design for the Simplified RDT

According to the state space formulation, it is easy to give a primary VSC design I
to stabilize the RDT rigid body dynamics if bounds on uncertainties are known.
Assuming that the model displacement and velocity are reasonably bounded by I

-fl _< q < e (6.40)

-C 2 q < ! C2 (6.41)

where e and f2 are constant vectors with each element being positive. Using Lya- 1
punov design method the VSC design gives global stability conditions for MIMO
systems such as the simplified RDT. 3
Since the simplified RDT dynamics is

i= f(x, ) + D(x)u (6.42) U
multiply B' to both sides of (42), the rigid part can be obtained

.o = fo(z, i) + Do(x)u (6.43)

where x0, fo E R4, Do E 44 xo = 2,

Because the first two links of the simplified RDT are rigid, and have the same lengths
as the constrained link, the first equation of (43) is exactly the same as the third
equation of (43) whatever u would be, i.e.

hence the first column (row) of Do equals the third column (row), and rank (Do) = 3.
Therefore in the VSC design, the rigid dynamics can be further reduced to a 3 x 3
dynamics as 3

.i fz(x,i) + D,(x)u, (6.44) 3
where x, = [0 2, O',60T, u, = U2, 2u', U]rT, and D, E R"' 3 is obtained by eliminating
the first column and first row of D,. In this case 3

V z D,(x) =DT(x) > O.
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The VSC can be devised by first using Lyapunov direct method to give u,, then3 simply letting ul = ul.

i) Switching surface

I Select switching surface

a = O'(x , I xd, iidr,, a ER 3 . (6.45)

where xd, is given control goal and z represents frequency shaping manipulation.

Let aj,. = -13, then

I = -•+a r,• + a0i (6.46)

As will be related later on, i is a function vector of z and ;i,.

3 ii) Formulation of uncertainties

The nonlinear vector f, can be expressed as

I f(x,;i) = O(x,42 )4 (i,) (6.47)

3 where

* ~ ~ ~ ~ ~ ~ ~ jj 6=oBG2 1G6 2 'e 2oGO 2 e2]T,

€ is a known matrix with each element be.

IOj = Oi (x, 42) (6.48)

I Consequently

I = D,[-D•' - u, + D~afi:7 + Dla-.i]
= D,(e- u.) (6.49)

I where = (ýT zT1T, E) = O(x, 42) is a coefficient matrix corresponding to the vector
77. With the assumption (6.40), (6.41), it is easy to calculate the bounds of e off-line,3 therefore

-emaz 5 e) 5e ,,a (6.50)
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which implies

V Xrjq2 E [-l ell 4 E [-f2,f 2]
10,j (X, 42)1 <5 0j .. (6.51)

i =1,2,3 j=1,-..,3+N2  I

iii) Lyapunov Function

Now choosing Lyapunov function to be I
V =Ia'TD'la (6.52)

2 r

Substituting (6.49) into the time differential of (6.52) one obtans 3
T 2 d (D.)')a + aTo - u, (6.53)

The first terra of the right side of (6.53) can be calculated with symbolic computing

method. However, note that when a system in sliding mode, a ; 0, therefore it can 3
be neglected in VSC design. The switching control is thus of the form

U, = sEo. 7lil (6.54)

where 3
S = diag(sgn(a.), sgn(o-2), sgn(arz))

1711 = [I I71," ',I173+N 2 1 ]'T (6.55) 1
The conventional VSC design can also be done by following above design procedures
except letting z =O. 1
6.3 Simulations and Discussion 3
Since all the parameters of right part of the RDT is same as the left part, system

responses of the right part must be exact the same as the left part if same control are
applied. Therefore only the simulation results of the left part will be given. Besides,
for simplicity only the first flexible mode is considered in the RDT model. 3
The equations simulated are those of identical two link open-kinematic chains but spa-
tially discretized using the assumed modes method, and suitably modified to include
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rungs as given in Section 6.1.3. For augmentation of rapid deployment, torsional3 springs act between the reference frame and link one, and between links one and
two. The simulated system parameters are defined in Table 6.1, and numerical values
appear in Table 6.2.

Table 6.1: Simulation Parameter Definitions
Ih hub inertia
L~l length of link ill
I Mll mass of link ill
di distance between first links of RDT, length of rigid pinned-pinned member
me mass of rung

distance from rung left joint to center of mass
spatial variable for link il']

3l I rigid link angle of link ill
pl mass density of link ill
IEfl!1 stiffness term for link il']
f 1I input torque at joint ill
N11 number of modes of link ill
M1hub hub mass
kl torsional spring constant at joint ill
A 11 damping of mode j of link if']

7 M proportional gain at joint i[']
derivative gain at joint ill

I All simulations are of a stowed RDT type apparatus as in Figure 6.6 suddenly de-

I 0a

Figure 6.6: Stowed Initial Condition of Simulation

3 ploying and attempting to reach its final deployed position as in Figure 6.7. The
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Table 6.2: Simulation Parameters

i 11 1i, 1' 1 2,2':
Iha [kg " mi2 ] 1.0 0.0

Mh, kg] 2.0 0.0
Li [m] 1.0 1.0

EiI [N. i 2 ] 00 8.8778
Mi [kg] 1.0 1.0

N, 0 1
'yi [N . m/radj 0.0 0.0y.j [N . ,,IC(adls)] 0.0 0.0

k,.i [Nlrad] 10.0 0.1
pi [N. .s2/m] 0.973 0.973

d[m] 1.0 0
d" [m] 0.5 0

m-[kg] 1.0 0 _j

I
~II

S~I

Figure 6.7: Deployed Final Condition of Simulation I
numerical values of initial and final conditions of the motion are listed in Table 6.3,
page 68. These chosen conditions are somewhat contrived, so as to not generate I
Jacobian matrices of less than full rank. This loss of rank would cause the matrix
-CM-' (K) in (6.5) to become singular, making a solution for r, the constraint
forces, impossible. Simulations were carried out maintaining the smallest nonzero I
number possible on the order of 10-"8 as a measure of numerical accuracy.

In the conventional variable structure control design, the switching surface is

0= COW - Oi) + 0i (6.56) 1
67 3

I



I
I
* Table 6.3: Initial and Final Conditions

I a 0i 02 0; C11 C2

Ideg deg .deg deg jm rm
i.c. 5.01 5.0 J 1 75 .0 175.0 0 0If.c. 1190.0 90.0 0 0 0 0

where 0i and 0id i = 1,2 are angles and the desired angles of the two rigid links. ci
is the inclination of the switching line (switching surface). For both tht. rigid and
flexible links, the variable structure control has the form

u, = ( kiij + Pi) sgn(ci) i = 1,2 (6.57)

I where the control gain matrix K is previously calculated according to (6.53),

K 1111 0.7 1.5 0.8 1
K4 4 0.3 0.5 0.3

and 17 = [09, 02, 0i2, ] p, is a dither term to reject small disturbances while the
system is in sliding mode. A saturation function

S/ 1, if > 6i;

sat(si)= si/6,, if Is, :_ 6,; (6.59)S-1, if Si < -b.

I is also introduced with 61 = 0.01 and 62 = 0.1.

Figure 6.8 and Figure 6.9 show the rigid body motion, indicating that set point
regulation is achieved in spite of the existence of unknown deformation. Figure 6.10
shows time responses for position and velocity of flexure coordinate Ca2 of the end
of RDT links. Figure 6.11 and Figure 6.12 show the phaseplane of the first and the
second links, respectively. In the simulation the inclination of switching surfaces are
set to be cl = 4, c2 = 1.5, the dither terms are pi = 3, P2 = 0.3 respectively.

6
I
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Figure 6.8: Rigid Body Motion of the 1st Link with VSC
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Figure 6.9: Rigid Body Motion of the 2nd Link with VSC

I
* 70

I



I
I

.4

amiM I

101

U -.2

-3

.5 1 1.5 2 is 3 4 4.5

(a) Tip Flexure Deforma.ion (mn) 3
I

O

"1~ 7

I

(bF ipur F.0:Exud VLnk ip y F mleure wih5

I
Figre .10 En Lik ip lexre ithVS

I



I

I i -4

* a

II

*.2 .4 1. 4 .1

Figure 6.11: Phaseplane of the 1st Link with VSC

1 In this case, the VSC design for the first two rigid links are the same as those given

earlier. As for the flexible link, the variable structure control has the form

Ii + i=1,2 (6.60)

where the control gain matrix K is

IK 11 11 0.7 1.5 0,8 0.0 0.0] (6.61)

4.4 4 0.3 0.5 0.3 80 12

a = " "2 " " "2 Z2ar. The switching surface is

3 2 = hiz1 + h2z2 + h3 (02 d - 02) + ý2 (6.62)
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Figure 6.12: Phaseplane of the 2nd Link with VSC

where the states z, and Z2 are defined by a state space realization Of Q22(jW) as

follows.

and h, = 80.18, h2 = - 11. 74, h 3 = 0. 34. The high pass filter is selected as

1 _ 

12

Q°(•+ -q°) h (6.64)

Q•2(•) = (jW + 1o)2

Results of closed loop system response with frequency-shaped variable structure con-

trol follow. The effectiveness of introducing frequency shaping can be found from
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Figure 6.13, which shows both position and velocity at the endpoint of the flexible
RDT link. It can be observed that he maximum deformation is reduced to about
1/4 of the case without frequency shaping. Figure 6.14 and Figure 6.15 give the
phaseplane of the first and the second links respectively.

In order to see how the high pass filter works in sliding mode, once again the conven-
tional VSC is applied to the simplified RDT where inclination c2 = 0.5. Figure 6.16,
Figure 6.17 and Figure 6.18, in which the plot data is filtered through a FIR filter,
give the phaseplanes for the conventional VSC with c2 = 1.5, c2 = 0.5 and frequency
shaped VSC. The one with frequency shaping shows lower switching inclination at
beginning and higher switching inclination when position error becomes smaller. In
other words, frequency shaped switching surface behaves like a varying surface in
terms of tracking error. Therefore it achieves the trade off between faster conver-
gence nearby equilibrium and lower control action off the equilibrium.

From Figure 6.19 and Figure 6.20 one can observe that, by selecting smaller c2 the
deformation of the flexible link can be reduced as lower as the case with frequency
shaping, however, then the rigid body response is in some degree delayed.

Finally, Fast Fourier Transforms are applied to control efforts of both the VSC (c2 iI 1.5) and frequency shaped VSC. Comparing Figure 6.21 and Figure 6.22. it is clear
that frequency shaping suppressed the control effort which may excite vibrational
modes.

Analysis and control issues related to closed chain rigid-flexible mechanical systems
are introduced in this chapter. For slewing flexible structures where the vibrational
modes are not to be excited, the modeling approach provides a method for simulating
constrained flexible structures. The approach of inserting a frequency shaped filter
into the design of Variable Structure controllers was pursued for control. A linear
operator interpretation of the sliding surface is used together with frequency weighted
quadratic regulators in the control design. Through the control design application
and simulation of the hybrid rigid-flex RDT example, the validity of the modeling
method and effectiveness of proposed control methodology is shown.

II
I
I
1 74

I



I
I

".15 1
.1 1

1o1

0 .5 1 1.5q 2 3.5 $ 3. 4 4.5

We [(Mc)

(a) Tip Flexure Deformation (m)

4 -

12

-2I

S . . . . . .
. .I . . ... . . . .

. . . . . . .0 .5 1 I.S 2 3 2 3 4 4. 5

(b) Tip Flexure Velocity (m/sec)

Figure 6.13: End Link Tip Flexure with Frequency Shaped VSC

75



I
I
I

I 1*

I I "
I • "I

i 4_

i 4 . . . . I , , I , , , I , , , I , , I , , , I , , I , ,

-. , 0 .2 .4 .3 .8 1 1.2 1.4 1*6I potJon wnw (tnd)

i Figure 6.14: Phaseplane of the 1st Link with Frequency Shaped VSC

I
I
I

| 76

I



7I

U
II

_-2

4I

{ , I

.S I
.,_ 1

"- I
.-3 -2 -1, -1 -.

PeO~~ en• (nmq

Figure 6.15: Phaseplane of the 2nd Link with Frequency Shaped VSC

77



I

1 4

I
II

i I, 1

I
I "'

-2 . . . . * ! . . . i , ,I, , , , I, , , , I, , , , I . . . .

-4.5 4 -2.5 -4 -1.5 .1 .5

i Figure 6.16: Phaseplane of VSC Filtered through FIR (c2 1.5)

$
I
I

I 7



I

II
,., I

1 t '
.:L ..|.

ji! U
.4 I
.2

p_ _em__w InI

I

Figure 6.17: Phaseplane of VSC Filtered through FIR (c2 =0.5)I

I
I

79 I
I



I
I
I

* 17

II

I iii-

1 5-

I -. . I . . . I , , I , , I f e l l I I I
-3S 4 4.5 -2.1 1.5 -1 -.5 0 .5I I~apon -w frmd

i Figure 6.18: Phaseplane of Frequency Shaped VSG Filtered through FIR

I
I
I

| 80

I



3I

-42I

04

~t ~ j0 ~ o1 2(b) Angular Veosityo (rad) Ic
Fiur 6.1:IgdBd 

~to fte2dLn ihVC(2 05

I; 
I



- --

Ii
I
I

0 .5 1 1. 2 3 5 4

I (a) Tip Flexure Deformation (mi)

I

I V'
| 1.,

i3., 0 .5 1 1.5 2 U. 3 3.5 4 U. £

l (b) Tip Flexure Velocity (m/sec)

U
Figure 6.20: End Link Tip Flexure VSC (c 2 = 0.5)

I
* 82

U



..................... 
.... ... ... .... .~.. -.-.... .......

1 0. . . . .. ...... . - . .... .. . . . . . .. . . I_.. ... ... .... ... ... .._ .. -... _- -_-- --

it .L ... £ .... .. . L..... .......

0 0 ... .. ... .. ... . -- .. . .. ..

.. .. .... .. .... ... ... ...

...... .. ... ... .. .. .... ...........
Figure~ 6.21 FFT of. ...ithVSC...1.5
...... . ...

.... .......
........ ....... ... --- ---- --- ------ -U

83



1 00U. ............ ........... ......................
........I ..........-----------1111111,.............

........... --------.------

.4 . . ....... ......4 ------ ------ ..... .

lI .I...... ---ii -+ . -_--_ _-------

.0 .- -._ _...... ._--- -_---- - - - -

.I. ....... ........ ............
... 1 0 * .... ... -- 6.. ..... .0 ---.... ...- ----

Ir
*0 -84--

.I..........



I
7. SLIDING MODE CONTROL IN SAMPLED DATA SYSTEMSI

The switching problem in continuous time sliding mode control design has two aspects:
switching frequency and magnitude. Although high frequency switching in control is
theoretically desirable from the robustness point of view, it is usually hard to achieve
in practice due to physical constraints on the system. Even if it is possible, the
unmodeled high frequency modes will likely be excited, which in turn deteriorates
the performance. As to the chattering magnitude reduction problem, researchers
have provided quite a few contributions in this area, however in most, robustness is
usually compromised 145, 46].

Sliding mode control for discrete time has been considered for years [47, 48, 49, 50, 51].
To maintain the states on the sliding manifold is never an easy task. Sarpturk et al.
propose to use the upper and lower bounds of the control to guarantee the convergence
of the sliding motion [481. The difficulty is that the solution is complicated and hard
to compute in ieal time. In some cases, it may not even exist. Furuta implemented
the controller by using an equivalent control gain and a switching gain to cope with
system parameter variations [47). The limitations are that the upper bound of the
variation magnitude has to be small enough for the method to be applicable and that
it does not guarantee exogenous disturbance rejection. Chan solved a servo-systtrn
problem successfully by using a similar technique which suffers the same limitations
[50].

We study the sliding mode control for discrete-time linear systems resulting from
sampling. The switching frequency of discrete time controllers is limited by the
value T-1, where T is the sampling period. The use of a discontinuous control law
(typically sign functions) leads to chattering in the boundary layer of the "liding
manifold S = {z : s(z) = 0}. Even without disturbances the size of this boundary
layer is of order O(T). In order to alleviate chattering, it was proposed to use discrete
time equivalent control in the prescribed boundary layer, whose -ize is defined by the
restriction applied to the control variables [49]. This approach results in the motion in
O(T 2 ) vicinity of the sliding manifold. The main difficulty arising in implemec-tation
of the proposed control law is that one needs to know the disturbances for calculating
the equivalent control. Lack of such information leads to O(T) boundary laver, the
same as with discontinuous control.

I In this chapter, we introduce a new control based on that concept with robustness.
Our approach allows to keep the state in the O(T2 ) vicinity of the sliding manifold
even in the presence of disturbances. Both internal and exteinal uncertainties are
considered. Only the continuous time matching conditions and sufficient smoothness
properties are required, which are reasonable constraints in most applications.

I
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Since the system is discretized in time by the sample/hold processes, the control
signal space is shrunk from to 1"' with m being the number of control
inputs. Therefore, the controller will inherently be less capable then the continuous
one. Sliding mode is originally a continuous time concept, and at first glance, it
may not be clear that it will retain its properties in discrete time. Nevertheless, the
advantage is that we are able to overcome the chattering problem with considerable i
robustness against system uncertainties.

7.1 Invariance Condition

Consider a continuous time linear, time-invariant system 3
S-= Ax + Bu + Ef (7.1)

where z is an n x 1 state vector, u is an m x 1 control vector, and f is an I x
1 deterministic disturbance vector. A, B, E are constant matrices of appropriate
dimensions.

Assume u is applied through a zero-order-hold. The discretized version of (7.1) can
be formulated as i

XTk+i = -Xk + ruk + dk (7.2)

where -- eAT, 1 - fo0 eA-dAB, dk = fT eAgEf((k + l)T - A)dA.

The sliding surface is

Sk = CXk = 0 (7.3)

where C is an m x n matrix and is chosen to meet some stability or performance
criterion [52). To maintain the state on the hyperplane (7.3) at the (k + 1)*h sampling
instant, the equivalent control law is given by

= = -(cr)-'c(.Zk + d4) (7.4) i

assuming CL is invertible.

Here dk represents the lumped effect of the disturbance f(t) to the system in the time I
interval kT < t < (k + l)T. If the closed loop system behavior does not depend on
f(t), we say the controlled system has the property of disturbance invariance and the
disturbance is said to be rejectable.

Given that f(t) is bounded, the integration of f((k + 1)T - A) multiplied by another
bounded function eAl in the sampling interval results in the magnitude of O(T) in
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each component of di. If no further information is provided and we simply implement
the controller u with state feedback alone, the next state Xk+1 will not be able to reach
the sliding surface exactly but will result in

Ik+ = O(T)' (7.5)

We will show later that if dk is known, it is still not rejectable by the control in general
unless the discrete time matching condition holds. Unlike continuous time VSC, the
matching condition

I rank[B, El = rank[B] (7.6)

and the boundedness of disturbances is not sufficient for the controller to maintain
sliding mode. Rather, it requires some more knowledge about f(t) so that the current
disturbance, dk, can be predicted with accuracy to some extent. It is advantageous

I to consider the problem in discrete time because through the measurement of the
states, the past values of the disturbances can be determined and this will provide
the knowledge about the future ones. However, the sampling process will also result
in a requirement or a condition stronger than matching.

Lemma 1 For disturbance invariance in the sampled linear system (7.2), it is neces-
sary that the continuous time matching condition (7.6) holds.

Proof. Substituting (7.4) into (7.2) yields the sliding mode equation

-,]$+I = (I- r(cr)-1 c)(,Xk + 0T eAAEf ((k + 1)T - A)dA) (7.7)

The condition for disturbance invariance is

J0TeAAEf((k + 1)T - A)dA = r(Cr)-IcfoTC eAEf((k + l)T - A)dA (7.8)

for all possible disturbance functions f(t). The necessary and sufficient condition for
(7.8) is the existence of a constant m x I vector gk such that

0 C/eAA(Ef((k + 1)T - A) - Bgk)dA = 0 (7.9)

In particular, if f(t) = Ik = const., for kT < t < (k+ 1)T then Efk = Bg&. Therefore
equation (7.6) is a necessary condition for disturbance rejection.
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To show that the above is not sufficient, assume (7.6) holds; i.e. there exists an m x I
matrix A such that 3

E=BA (7.10)

Equation (7.9) becomes

jTreAAB(Af((k + 1)T - A) - gk)dA = 0 (7.11) 1
Thus, it yields n equations with m unknowns. Since m < n in general, there exists
no solution for gk. This completes the proof. 0 I
It is important to note why the sampled system does not preserve the disturbance 3
rejection property. This is due to the zero-order-hold which is imposed between con-
secutive sampling instants to the control channels during the sampling process, A
similar hold does not exist in the disturbance channel and as a result, the perfect
sliding property is destroyed. The same argument is true for system parameter varia-
tions. Although perfect sliding mode is not possible, one can still maintain the states
in the vicinity of the sliding surface and retain the satisfying disturbance rejection
character.

Lemma 2 If the continuous time matching condition (7.6) holds and A(t) is bounded, 3
there exists a control law uk such that the sliding surface (7.3) can be reached with
O(T 2) accuracy.

Proof. Choose gk = Af(kT), then the left hand side of equation (7.11) becomes

jor eABA f(a)dadA = O(T 2) (7.12)

Since i is bounded, equation (7.12) is confirmed. We then apply the control

uU = -(cr)-'c4Zk - gk (7.13)

to achieve O(T 2 ) invariance in the sliding equation (7.7) and sk+1 = 0(T2). 0

If f(t) is measurable or we have its model, then f(kT) can be observed and gk ob-
tained. Nevertheless, since in general f(kT) will not be known exactly, it is necessary
to design gk in some other way. As a matter of fact, we will show in the next section
that the choice Ak = Af(kT) is satisfying but not optimal. There exists a better
solution for gi, that compensates for most of the disturbances without the need for
observing f(t). i
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7.2 Deterministic Systems

1 7.2.1 Exogenous Disturbances

* The major difficulty in maintaining sliding mode for a discrete time system is that
the exogenous disturbance d4 is essentially independent of the state Xk; i.e., even if we
achieve Sk = 0 at the present moment, it is still not guaranteed that qk+ -= 0 since the
unknown dk will force the state out of the sliding manifold. Therefore, perfect sliding
mode is impossible in spite of the knowledge about the disturbances. However, within
a certain tolerance, we are able to achieve satisfying system performance by steering
the states as close to the sliding manifold as possible. This includes a predictor for
dk and proper choice of the feedback compensator. The rudiments of a one-step
disturbance predictor were given by Ozgiiner and Morgan [35] in the context of a
robotics application. Heirt we i;6orously analyze this issue.

* The Disturbance predictor

The past values of the disturbances di, i = k - 1, k - 2,.-- can be computed exactly
from the state and control history by considering the discrete time system (7.2). If
f(t) possesses some continuity attributes, there will exist a strong correlation between5 the past and future disturbances.

If f(t) is bounded, then d4 = 0(T).

If furthermore f(t) is bounded, then the difference

Sdk - dh-1 = joT eAAE[f((k + 1)T - A) - f(KT - A)]dA

is of order O(T 2 ). In the same manner, for bounded f(t), fi(t), ., fq- (t), we have
* the prediction for dk

dk �(--i)'-(E'l)dk_, (7.14)

3 with O(TQ) error. If one desires to perform p-step ahead prediction, define

f if <•k- 1 (7.15)

j, if jk,

3 then
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q-1

dk,_-l= •(-l)'-('T1 )dk _,._ + O(T'). (7.16)

Therefore we are able to predict di, j > k with accuracy up to O(Tq) if f(t) E C(q-1).

Equation (7.16) is actually an incomplete model for disturbances with accuracy de-
pending on the degree of smoothness of f(t). The past values are to accumulate the
knowledge base of the unknowns. If f(t) can be measured exactly, such as a reference
input signal to the system, no prediction for d4 is necessary.

Sliding Mode with O(T9) Accuracy I
It is understood that the discrete time sliding surface (7.3) can not be reached exactly
due to the effect of unknown disturbances. Nevertheless, it is possible to reach a higher
accuracy if appropriate disturbance prediction process is employed.

Theorem 1 If f(t) E C(9-'), q >_ 2, and (7.6) holds, then the control law

Uk = -(cr)-Ct'Zk - (cr)-1 cJk (7.17) 1
will lead to sliding motion such that s,+, = O(T') for k >- q and zk in the O(T)
boundary layer of the sliding surface (7.3).

The proof is straight forward by direct substitution. As to the intersample system I
behavior, an O(T 2) error is inevitable. This is an inherent limitation of the discrete
time controller since the control signal space does not cover the disturbance range I
space. To further increase the accuracy in between samples, more degrees of freedom
should be added to the control. I
Additional Switchings

To improve accuracy in between consecutive samples, we insert r additional switchingsI
by letting

U(t) = ,'k, (k + -)T _5 t < (k + i + -)T z ,.,
r r

The equations for the expanded system becomes

I
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Zk+l --- *Ir + • t ruk + dk (7.18)

where F, = f0' eA dAB. The intersample disturbance d& can be estimated by

|r

with O((!:)2) error. Each intermediate state valne z4 will be estimated by

4+l -'z$L4 Fu, + r4 i-= 0,...,r-- 2

U with A = Xk. To reach sliding mode with 0((-)2) in the intersample period and
O(Tq) at each sampling instant, choose

U= -(cr,)-1cs4b,- (Cr7)-1 Cdk, i= 0, ...r -2
U = -(CFPr)-'C[OZk + i__ f " + dk]

We have

I 8 k+_ = O(TP), s, = 0((r)2), i= 1,...,r - 1 (7.19)

I The main characteristic feature of systems with sliding modes is the motion on the
manifold which can be reached in finite time [53]. During that motion, the conti auous-
time finite-dimensional systems with discontinuous control variables possess the prop-
erty of disturbance rejection. However, implementation proves to be more difficult
than expected. We can mention three crucial facts that disappoint one trying to
implement real systems with sliding modes: first, the chattering of the control vari-
able which excites the neglected high frequency modes and in many cases can not be
allowed by the physical nature of the actuator; second, the lack of full information
on the system state which is needed to design the appropriate switching function
(the use of linear observers for estimating state variables unfortunately eliminate the
disturbance rejection); third, direct discrete time implementation of the switching
control law leads to additional chattering caused by the sampling delay. [54, 38] pro-
posed a possible solution to the first problem, both the first and second probl,•ms are3 addressed in [45].

The third problem can be released by using the approach proposed in [531. The
* concept of discrete time sliding mode provides the motion on the manifold at the
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sampling instants with O(T 2 ) error, while at other moments, it leads to the motion
only in O(T)-vicinity of the desired manifold, which is not sufficient in many cases.
Even if the disturbance can be measured in discrete time with continuous time match-
ing condition, it generally can not be rejected because there is no matching in the
corresponding discrete time system. The solution of all these issues is obtained by
using the disturbance prediction algorithms proposed here.

It is shown that for sufficiently smooth disturbances even without matching condition
in discrete time, the desired accuracy O(T9) of disturbance rejection in the sliding
manifold can be achieved not at every sampling moment but every rT sampling inter-
vals. We can say that there is rth order discrete time sliding mode. To obtain O(Tq)
disturbance rejection at every T-instant we should have additional r - 1 switchings i
of control during that interval. If the system has internal uncertainties, only one step
ahead prediction is allowed due to discontinuity in the control law; nevertheless, exact
sliding mode can be achieved asymptotically.

I9

i
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I
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8. NEURAL CONTROL OF FLEXIBLE SYSTEMS WITH

PARTIALLY KNOWN DYNAMICS

In this chapter, the use of neural nets for simultaneous modeling and control in an
optimal control setting is investigated for systems with partially known dynamics.
Specifically, we consider the case where the unknown portion is related to flexibility.
Systems with a high degree of flexibility fall into the general class of distributed pa-
rameter systems whose motion is described by hybrid systems of integrodifferential
equations. For the class of plants considered in this chapter, the known part of the
dynamics is represented by a simple analytical model and a neural net-based model is
used to estimate the unknown part of the dynamics. A novel approach is given where
neural nets are used in concert with conventional control methodologies to achieve
high performance for both trajectory tracking and vibration damping. The control
strategy is a two-part control scheme: one part is model-based, using the known dy-
namics and conventional optimal control techniques, the second component of the
control scheme is neural net-based. These strategies are applied to a one-link flexible
manipulator. Flexible link manipulators are of extreme interest to researchers inter-
ested in space-based robot applications and other robotic applications with weight
and power constraints. However, flexibility leads to highly complex system models,
resulting in more complication for controller design. In this chapter, we show thatIIfor a one-link flexible manipulator, a control design can be achieved that provides

accurate slewing while minimizing vibration of the manipulator. It is further shown
that the control design can adapt to variations of the manipulator payload, resulting
in accurate slewing and small tip vibrations for a wide range of payload variations.

Neural networks possess many of the necessary qualifications for implementation of
the identification and control strategies. For the identification stage, neural nets
can be implemented with supervised learning rules to learn the nonlinear dynamics
of the unknown plant. The neural net performs a nonlinear mapping from input
space to output space while also giving the necessary nonlinear interpolation that is
desired, such that the nonlinear dynamics of the process are stored in weight space
of the neural net. For the control neural net, the control signal needed to produce
the desired result is not known a priori and therefore must be generated using an
unsupervised learning control strategy. Unsupervised learning rules exploit some key
features of the backpropagation algorithm since backpropagation calculates partial
derivatives during the training process. These derivatives are used to minimize a cost
function based on output error and control expenditure.

There have been several examples of the use of neural nets for control. General control
ideas were discussed in [55] for completely unknown nonlinear systems, and adaptive
neural controllers were demonstrated in (56] for a simple linear plant. There have also
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been many examples of neural nets applied to robot control. In fact, in [57], there
is an example of a neural net-based controller implemented on a real rigid-link robot
system, where a neural net is used for payload estimation and the payload estimate I
is used as a parameter in the feedforward controller. This scheme results in payload-
invariant trajectory tracking. While there is a multitude of literature concerning rigid
link robotic control using neural nets, there is relatively little concerning the control I
of flexible link manipulators.

Almost all real plants can be characterized as a system with partially known dynam- -
ics since one can never fully realize a real plant with a mathematical model. There
exist a number of techniques available for control of linear systems with either un-
known or partially known dynamics. Adaptive controllers [58] can be designed using
a standard model structure with unknown parameters, but these systems are fraught
with limitations. These types of systems assume a structured uncertainty, where the
uncertainty is reduced using stability theory and parameter estimation techniques. I
However, systems of this type could become unstable due to excitation of unmodeled
dynamics. Moreover, a plant is seldom completely linear, and there are few model
structures that can accommodate a reasonably large class of nonlinear systems. For
this application, we assume that the rigid dynamics are well known, but the nonlinear
flexible dynamics are not known, and therefore must be learned from input/output
data.

The control strategy proceeds as follows for slewing control of the one-link flexible
robot. A model-based control is implemented based on the rigid dynamics of the I
system. The unmodeled flexible dynamics are learned using a neural network as a
predictor, and a corrective control signal is synthesized using a second neural net for
control. This method was used by liguni, et al. [59] in which the authors presented
a strategy for control of linear systems with a low degree of uncertainty and small
additive nonlinearity using what was referred to as a nonlinear regulator. We extend 3
this method to plants with a high degree of nonlinearity and apply it to the flexible
robot problem.

The chapter is organized as follows. We begin with a discussion of flexible manip- I
ulator modeling issues to better understand the control strategies implemented. In
Section 8.2, neural net modeling for the described class of systems is discussed simul-
taneously with the problem of controller design. Simulations are given in Section 8.3
for the flexible manipulator with fixed dynamics and a constant payload, then the
problem is complicated by varying the payload, resulting in a system with variable I
dynamics. The ability of the controller to adapt to this disturbance is investigated
via simulation.

i
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8.1 General Aspects of Flexible Manipulator Models

Flexible robots possess the attractive properties of (1) light weight, resulting in sys-
tems with smaller actuators for lower energy consumption, and (2) mobility for fast
response as compared to heavier rigid counterparts. Modeling of flexible robots is
difficult due to the infinite dimensional nature of the distributed parameter systems
and the difficulty in modeling the structural flexibility of the link. The dynamical
equations of motion can be described mathematically using integro-partial differential
equations (PDEs) with the appropriate boundary conditions. The methods known
for modeling flexible robots are many and are addressed in a variety of works, us-
ing methods such as the Euler-Newton method with finite element models [601, the
Euler-Lagrange method [61], or Hamilton's principle 1621. The model used for the
simulations of this work is obtained from a distributed parameter model via the as-
sumed modes method. The parameters are derived from the Ohio State University
single-link flexible manipulator [63]. Experimental identification results obtained for
this structure 1641 demonstrate that only one mode is dominant in the identifi,,d model
for transverse motion of the manipulator. Therefore, a one-mode expansion is used
in the simulations.

In flexible robots, if the payload is allowed to be variable, then both the rigid dynamics
and the flexible dynamics change as a function of payload. In addition, the boundary
conditions assumed initially may not be valid as the payload varies. This presents
a difficult chore for the control designer as we shall see in the section that follows.
Alternately, one can assume little or no knowledge of the plant and use robust control
techniques and model the unknown dynamics as a disturbance. While this is a viable
alternative, we have chosen to use model-based control methods that are between the
two extremes, where we assume partial knowledge of system dynamics.

There has been much recent interest in the problem of slewing control for flexible ma-
nipulators. The resulting control strategies can be complex and difficult to implement.
To ease the computational burden and implementation difficulties, we introduce the
neural net-based composite control strategy described herein. Using a one-step-ahead
prediction of the system outputs, we can form a control signal for predictive control.
In addition, the estimation error in the identification neural net is used for training
of the neural net for corrective control which is trained based on an unsupervised
learning strategy.

Conventional system identification techniques have also been used tG Ud,•rmine the
model of a flexible link manipulator (see [65] for example). A potential problem with
this approach, however is that a model structure must be assumed a priori, and
thus, modeling errors are built in for the infinite dimensional system being consid-
ered. Furthermore, most identification techniques are based on linear system models,
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introducing further difficulties for the highly nonlinear systems being considered. Fur-
ther uncertainties exist due to the difficulties associated with modeling drive system
mechanics estimating physical parameters, in addition to the difficulty of accurately
modeli'•, Lhe flexible dynamics. Our alternative approach offers several advantages
ov., -inventional methods in this paradigm, since neural nets can be used to learn I
nonlinear system dynamics. The neural net learns the nonlinear flexible dynamics
from input/output data, which allows for a more exact representation than one using
a linearized model or approximations of the nonlinear system dynamics. I

8.2 Modeling and Control Strategy I
8.2.1 Simulation Model for a Flexible One-Link Manipulator

Distributed parameter systems are characterized as having an infinite number of
modes. For control applications, we describe the system using approximations that
are finite-dimensional state-space representations. Starting with a Hamiltonian for-
mulation, we use an assumed modes representation of the flexure variable a for in-
sertion into the system equations to obtain a finite-dimensional representation of the
dynamics. The resulting equations are programmed on a computer to model the one-
link flexible manipulator shown in Figure 8.1. In this case, the link is modeled as
clamped at the hub and as a mass with an inertia is at the free end. The resulting
mode shapes are referred to as CLTI mode shapes (cantilever with tip inertia). A de-
tailed derivation of the equations can be found in [15] or in [66] for a two-link flexible
manipulator. The terms used to obtain the dynamical equations of the manipulator
are defined in Table 8.1. In addition, the subscript notation of Equation (8.1) is used
to denote a partial derivative. For example, the second partial of a with respect to t
is given as att = ,6a/t2.

The equations for the flexible link manipulator can be written as

Elaeu+ pai+ peO= pao2 , t E [0,L], t >0 (8.1)

[IA +± L + p jLa2gjI + P jL lea55di = us (8.2)13 10 1

The assumed modes method requires that the flexure be expanded as

N
a(ft) E _.j,(t)q,(t) (8.3)

31l I

where j is the mode number, 0 is the mode shape, and q is the modal displacement.
The CLTI mode shapes have been used previously by [671 to model a link with a 3
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Table 8.1: Parameters of the One-Link Manipulator

It Hub inertia
Ip Payload inertia
L Length of link

E1 Stiffness term
p Mass density of link
M Mass of hub
Mp Mass of payload
I Spatial variable for link

a(l, t) Flexure of link at location I
0 rigid link angle of link
u Input torque at hub

Payload

Flexible Link -- O(|) X1

0X

Hub

Figure 8.1: The Flexible One-Link Manipulator

payload, and have also been used in [66] to model the first link of a two-link system
as a link with an attached link as the payload. The boundary conditions are

a(O,t) = 0, at(O,t) = 0 (8.4)
EIcrt(L,t) = -(MO2 + Ip)&,(L,t) - MO,,a(L,t) (8.5)

Elcaa(L, t) = M,&(L, t) + MpOp&t(L, t) (8.6)

where Mp is the mass of the payload, Ip is the mass moment of inertia of the payload,
and Op is the distance from the endpoint of the link to the center of mass of the
payload. The first boundary condition represents the clamped boundary condition
at the hub. The next two boundary conditions correspond to the mass plus inertia
at the end of the link. In this chapter, the above equations are simplified since the
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II
payload is modeled as a point mass at the tip, so that Ip and Op are equal to zero.
The CLTI mode shape equations can be found in [66].

The resulting model is of the form

M(X)X + KX + F(X,Xk) = U (8.7) '3
where X = [0 q, q2 ".. qN]T, and N is the number of modes retained in the model
from flexural effects of the link. The following expressions can be defined in terms of I
the variables of the above approximation:

Ai A j pt~j (I)dt (8.8)

B, L pqj(t)dt (8.9)

C.i A ()(8.10)

"0t A4 O,. (8.11)"1

This allows for the calculation of the terms I
0oL a, fL tadt, and jL a 2 dt. (8.12)

Substitution of (8.3) into (8.1) and (8.2) results in an ordinary differential equation

for the rigid body motion motion and a partial differential equation for the flexure
equation. To convert the flexure equation into an ordinary differential equation, we I
multiply through by OA, and integrate from 0 to L. Since the Oh,'s are orthogonal (the
integral from 0 to L is an inner product, i.e., the Ok's belong to the space £2[0, Lj), all
the terms drop out except the Okok integral, so that N differential equations remain. U
The resulting rigid body motion (0) and flexure (a) equations are respectively:

N - N

[Ijh + -pL+ Bjq•]O + _Aj -- u (8.13)
3 j=1 j=1 i

Ak,, + Bk,,, + EIAkBkqk - BkqkO2 = 0, k = 1,2,..., N (8.14)P

For the simulations, we let N = 1 and use the parameters of Table 8.2. 1
8.2.2 Modeling and Identification 3
To predict the flexible manipulator outputs, we use our knowledge of the rigid dy-
namics to form a model of the known part of the plant and use a neural net to learn 3
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Table 8.2: Physical Parameters of the One-Link Manipulator

IE 6.8944 x I0 N/mr
I 3.3339 x 10-11 m4

I A 1.5875 x 10 M2

Ih 1.6640 x 10-5 kg-r 2

L 1.0m5p 0.4847 kg/m
M 1 0.4847 kg

I
the unmodeled flexible dynamics. Let zP be the output of the plant which we wish
to estimate, x" the output of the known system, and V be the output of the neural
net, which when added to x' yields a prediction of the plant output. Thus for the
one-step-ahead predictor, we have

k= k+ + k+1 (8.15)

Iwhere 4+1 is the prediction of the plant output and i'+, is the predicted state of
the unknown dynamics at time k + 1. The known dynamics are a nonlinear functionp of prior states and inputs described by the function f,

=•+- f(z',uP) (8.16)

1 and the unknown dynamics are a nonlinear function of the prior plant outputs, rigid
dynamic model outputs, and prior inputs, described by the function g,

Xk+I = g(_ P',UP) (8.17)

I where uP is the input to the plant at time k. Thus, we assume that the unknown
dynamics can be driven by the states of the known dynamics, but not vice-versa. We
impose the following system constraints in the form of assumptions on the structure
of the plant and the models.

Assumption 8.2.1 The plant to be controlled is completely stabilizable and de-
tectable.

Assumption 8.2.2 The dynamics given by f(.) is stabilizable and describes the
plant to a sufficient degree such that the controller designed to stabilize the known
dynamics also stabilizes the plant.
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Assumption 8.2.3 The unknown dynamics given by g(.) is stable.

Assumption 8.2.1 gives us a starting point for the plants to be considered. See [68] for
details on stability of nonlinear systems. Although Assumption 8.2.2 is not a necessary
condition for identification, it is provided since identification proceeds much better
with a stable plant. (In [69], an unstable inverted pendulum was identified using a
"human-in-the-loop" to provide stability when necessary.) Assumption 8.2.3 is given
since if the unmodeled dynamics are unstable, then plant states may blow up before
an appropriate model can be found and the subsequent controller designed.

The identification stage is a neural net training process using a supervised training
rule as shown in Figure 8.2. In this stage, the neural identifier produces the signal V!
representing the unmodeled flexible dynamics and uncertainties to produce a signal
which "corrects" the output from the known dynamics to subsequently provide an
accurate estimate of the plant outputs.

Rigid X110 + Xi "

Neural 4.1f

Figure 8.2: Identification Stage Using Neural Nets

The predicted signal (8.15) is compared with the plant output to form the error signal
used to train the neural net identifier. The neural net identifier receives as input both
the reference signal for control and a regression of the output of the plant. It uses
these signals to produce an output zi+,, which is trained based on minimization of
the error from the supervised training algorithm. The error function is

Ek+ = -IILxki - A.+ 112  (8.18)

where 11 II is the standard L2 norm. The backpropagation algorithm (701 adjusts the
weights at each time k by the update rule
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W,(k + 1) = W,,M(k) + ,? E (8.19)

where v7 is the learning rate and w&m- is the weight connecting node i in layer m with

node j of layer m + 1. Differentiation of (8.18) yields

i9Ek+1 - T(+-+ C14 k+1
a~~awk (Xk+l -;ik+l) •'

.,~ ~~ ,.gz, x,, Up,I + -(+' 1 -&,+, 8wl" (8.20)

To calculate kg(z •,,ju)/8w' the backpropagation algorithm is used since this
quantity is calculated during training. It is equal to the quantity 61zi, where

rx?(l- ej)(zO - zx) (output nodes)

= z,(1 - z) Ek, 6 kwk (hidden nodes)

where zi is the output of a hidden node.

8.2.3 Controller Design

With the plant identified, we proceed to controller design. In Figure 8.3, the overall
system architecture is given in terms of a control block and an identification block.
It is seen that the control signal is composed of two parts: one part is based on
conventional model-based control, so that any conventional controller design can be
chosen for this part. The output of the conventional controller is given by Ur. The
second component comprising the control signal is the contribution due to the neural
network for control, indicated by u1 . Both ut and u" are formed using the error signal
as input, calculated as the difference between the desired trajectory at time k + 1 and
the projected next state at time k + 1. This is a predictive control scheme where it
is desired to know at time k what the output is likely to be at time k + 1 in order
to take appropriate control action at time k. The two components of the control are
combined for the composite plant input,

k = Uk + k. (8.22)

Since the signal uf is not known a priori, it is generated using an unsupervised
training rule for the neural net. Unsupervised learning rules exploit some key features
of the backpropagation algorithm since backpropagation calculates partial derivatives
during the training process. The output of the neural net under unsupervised training
is found by adjusting the weights to minimize a performance function.
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Fiue83Ldniicto n oto Ids'ingiNeura Nets I

In the proposed configuration, the control strategy is derived by a model-based pre-i
dictive controller where the model used for controller design is the rigid dynamics of
the manipulator. The estimated next state is subtracted from the desired state to
produce a prediction error which drives the system to the next state. A close look at I
the rigid dynamics equations reveals that in the absence of a gravity term, the system
is linear. Therefore, without loss of generality, we will assume that the gravity term
is zero (which is the case for space-based robots). This is a valid assumption since we i
can always add a feedforward controller to perform gravity compensation separately. a
Now since the known dynamics is a linear system, we can use any conventional linear
control technique to achieve the desired controller design. We will choose the linear 3~
quadratic regulator (LQR) and proceed with a brief discussion of the LQR.

Consider a linear time-invariant system described by 3
Zk+x Ar& + Buk (8.23)

where z E IR" is the state, u E R".= is the control and A, B are known matrices. A
linear control law of the form 9

u = -Kz (8.24)

is sought. Instead of choosing K to achieve some prespecifled closed loop poles, we
choose K to minimize a cost function J, which is quadratic in both state and input:
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I J = X 4Qz,, + URUk (8.25)

with Q, R symmetric. If we wish to follow a prespecified state trajectory zd, then (8.25)I becomes

00
J = - )TQ(z& - zd) + urRuk. (8.26)

Without zd, the control objective is to bring the state to the origin.

The optimal control is given by minimizing (8.25) to obtain

Uk = -KXk

-= -(R + BTpB) -BT PAZk (8.27)

where P is the steady state solution of the algebraic Riccati equation:

P = A T PA - ATPB(R + BTPB)-IBTPA + Q (8.28)

The unique solution to (8.28) exists and leads to a stable closed loop system if and only
if (A, B) is stabilizable (provided by Assumption 8.2.2) and (Q1/2, A) is detectable

(see [71] for LQR details).
Although the LQR has well known robustness properties, one cannot expect it to work
well when there is unmodeled dynamics not included in the mathematical description
of the plant. Thus a corrective control, provided by the neural network is needed
to improve the tracking of the system. A similar methodology was pursued in [59],
in which the authors presented a strategy for control of linear systems with a low
degree of uncertainty and small additive nonlinearity using what was referred to as a
nonlinear regulator.

The problem here is to synthesize the corrective control signal that is used to com-
pensate for system flexibility and other unmodeled dynamics. Since there is not a
training signal u(desired) from which we can generate an error signal as in supervised
learning schemes, we instead use a neural net with an unsupervised training algo-
rithm as in [72, 69]. Referring to Figure 8.3, it is obvious that when the linear system
perfectly describes the plant, the control signal u" is the optimal control. Thus, we
desire an error function for training that when minimized forces the neural net output
to be zero when the linear model is an exact representation of the plant. A candidate
error function is given by

3 = (.I - Xd)Tp(4 ,+1 - X +) + UpT Rup (8.29)
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since it is easily shown [591 that the control produced by (8.27) minimizes this function
at each time k. This is done by taking the partial of (8.29) with respect to up to yield
the control strategy given in Equation (8.27). However, at time k, the plant state

P4+1 is not available, so we must use i'+, which results in the following error function
for training the neural net:

Eo = (iT 1 - x-, UTRu. (8.30)

This function is used to adjust the weights of the neural net in the following way.
The weights of the neural net for control are indicated by q to distinguish from the
weights w in the neural identifier and use the following update rule:

,•, ac(8.31)3qi'j (k + 1) = qi~, (k) + 11 E (831

To compute OE,/Oqi, use Equations (8.15) and (8.22) to get

= • i+ 1 -P_, +Uk R-k
aq~jaqij i~q~k

8[., ( g X,•,up) u R] (8.32)

where g(.) is the mapping performed by (8.17) in the neural identification stage,
and h(.) represents the mapping performed by the control neural net. The quantity
Oh(zx)/Oqj' is calculated from the backpropagation algorithm similar to the calcu- 5
lation for ag(zxk, 4, u')/&w, since all of the necessary quantities are involved in the
backpropagation training process. The quantity ag(xP, 4", uP)/OuP is calculated from
the neural network used for identification and from the weights wi,, in that network. I
All of these quantities are easily extracted from the backpropagation training rule.

8.3 Neural Control Examples on a One-Link Flexible Robot

In this section, several examples are given to demonstrate the effectiveness of the I
proposed strategy. We first present both identification and control results for a system
that operates in a constant environment using a nominal value for a payload added
to the tip equal to 0.20 kg, which is about 41% of the link weight. Secondly, we
present results for which we vary the payload over the range 0 to 70% of the link
mass. Payload invariant slewing control is demonstrated and some of the difficulties
encountered in implementation are discussed in detail.
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8.3.1 Constant Environment

IWe begin with the identification stage for the system of Figure 8.2. The first step
in the identification process is to collect data that can be used to train the neural
network. The simulation model previously described is used in parallel with a model
of the rigid dynamics, and the signals zP and z' are stored using several different
inputs at up. The signals indicated by z are vectors with elements of hub angle and

hub angulir velocity, so that x A [8 j]T. In order to limit the amount of data for
the neural network, the motion of the manipulator is limited to slews in the first
quadrant, so 0 < 0 < 90 degrees. Initially, a white noise input was used as an input
to the system and data was collected and applied to the neural network for training.
Then, the loop was closed using state feedback and data was collect for a variety
of slews in the allowable range of inputs. This data was applied to the neural net

s •which was previously trained using white noise inputs. Thus, the first stage of the
identification process can be thought of as a "coarse" training process, and the second
stage can be thought of as a "fine" tuning process, where the neural net weights were
adapted to learn the dynamics for slewing maneuvers.

For this application, using a model structure for the neural net of order two, we
chose a neural net with five inputs and two outputs. Two hidden layers with 15 and
10 nodes respectively are used, and the notation AAs,lr,10,2 is used for a shorthand
means of stating the neural net topology. The backprnpagation algorithm used forI training in the identification stage is a version of the Neural Shell, V2.O1 [73J which
is a program that was written first for use on Sun Computers and later optimized by
Ahalt and his students for use on the Ohio Supercomputer Cray Y-MP8/864. The
results of the identification process are shown in Figure 8.4 for the neural net outputs
of position and velocity. This plot is validation process where a 45 degree slew is
commanded and the outputs of the plant and the prediction of the plant outputs are
recorded. Also shown is the position without the neural net contribution. The benefit
is obvious, as the variance of the estimation error is very small for both position and

Svelocity (o2 = [0.00196 0.008541 ).

The control objective is to slew the arm along a desired trajectory as indicated by
xd, while minimizing arm vibrations. The model based controller in the block of
Figure 8.3 is LQR control using hub angle state feedback. The weighting functions
were chosen to put more emphasis on the output error term and less on control
expenditure. However, we must limit the size of the feedback gains since large gains
cause more flexure of the manipulator resulting in more vibrations of the tip. The
results for a slew from 0 degrees to 45 degrees are shown in the plots of Figure 8.5.
The dashed line represents the manipulator tip position and the solid line is the hub
angle position, both measured in degrees. The top plot is the output of the system
with LQR state feedback control only, and the middle plot is the output of the system
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Figure 8.4: Identification Results for System with Nominal Payload

with the addition of neural control. The control signal follows in the bottom plot.

The neural net achieves the desired effect, since an increase in damping reduces tip
vibrations significantly. Note that the fundamental modal frequency changes to reflect
the increase in damping of the flexible modes.

8.3.2 Payload Variation

We now turn our attention to the problem where a payload at the tip of the manip-
ulator is permitted to vary. The effect of adding a mass at the tip is that both the
rigid and flexible dynamics change as a function of payload. Since the controller is
designed with a fixed gain for the rigid dynamics, the control is no longer valid if the
dynamics change. Again, to compensate for this effect, a neural net is added to the
control loop, but now it is asked to perform more of the control effort. In addition,
since the dynamics of the rigid body system has changed, the neural identifier must
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Figure 8.5: Flexible One-Link Manipulator: Position with LQR Control (top), Posi-
tion with LQR and Neural Net Control (middle), and Control Signal (bottom)
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also be able to compensate for this variability.

Consider again the identification neural network, which performs the mapping g(.) to 5
compensate for the unmodeled flexible dynamics as

=+1 , X, u (8.33) 1
where the output of the neural net, V' is a function of the plant output zP, the
rigid dynamics z' and the plant input, uP. It can be observed both analytically from
the dynamical equations of motion and experimentally that by varying the tip mass,
one varies the fundamental frequency of the flexible dynamics. Simulations were
performed to determine the modal frequencies for various payloads. The results are
displayed in Table 8.3.

Table 8.3: Modal Frequency as a Function of Payload

Payload Man (kg) 0 0kg 0.05kg 0.10kg 1 0.15kg 0.20kg# 0.25 kg 0.30 kS 0.35kg s
IofLinkMam , 0% I 10.3% 21.6% I 31.0% I 4.-2 51.6% I61.9% I 72.2% I
[-FreqcHz) 1.3481 1.1323 0.9•08 0.8966 0.8188 0.7592 0.7140 0.1705 I

The table shows that as the tip mass increases, the modal frequency of the manipula-
tor decreases. The neural identifier in the constant payload case was trained to learn
the dynamics for a single frequency. The variable payload case is much more chal-
lenging since the identifier must learn a continuously variable modal frequency over
the range defined ia Table 8.3 which results in an identifier that effectively performs I
a "modal selection process". A critical condition on the mapping process is that the
mapping must be well conditioned. A well conditioned mapping is one where the
mapping from input to output defines a unique one-to-one mapping. For example, I
if the manipulator output and the rigid dynamics output error exhibits a similar re-
sponse to both a 0.10 kg payload and a 0.30 kg payload, then the neural net will not
be able to discern the difference for the corrective response action since there will I
be ambiguities in the mapping. Fortunately this is not the case, since not only the
modal frequency changes as a function of payload but also the error between the rigid I
dynamics output and the actual plant output varies in direct proportion to payload
variation.

To achieve accurate identification, the neural net training data is selected using data
from a variety of payload cases, then the neural net can interpolate the results to
output the desired response. A new configuration is implemented for the identification

stage to give the neural net more information, specifically with respect to the modal
frequency. An accelerometer is included as an additional measurement at the tip of the
manipulator and used as input to the neural net. For first bending mode vibrations, 3
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placement at the tip of the manipulator gives maximal output response [64]. Thus,
the neural identifier is changed to accept another input as shown in Figure 8.6, where
the accelerometer input at time k is denoted by 4k.

Rigid + x#1 + 4.1

SFigure 8.6: Identification Block with Accelerometer Input

Using experimental data from each of the payload cases of Table 8.3, the identification
Sneural net was trained to learn the new flexible dynamics as a function of payload. The
neural topology was changed to reflect the new information required for identification.
There are four variables used for input to the identifier and assuming a model structure
of order two, a delayed version of each input is also used to give the neural net a total
of eight inputs. Since the neural net has more information to learn, a larger topology
is used, with two hidden layers of size 30 and 20, respectively. The number of outputs
remains at two, so that the neural net topology is A(8,30,2 0 ,2. The result of identification
for a payload that is 23% of the link mass is identical to the results shown in Figure 8.4
where the estimation error variances in this case are a,2 = [0.00375 0.00986] for
position and velocity respectively. Similar results were verified for several payload
variations.

I The neural net provides an excellent means of identification for both position and
velocity. Note that the 23% value use for the payload is not part of the training
data set, so the neural net performs the required interpolation with a high degree
of accuracy. Thus, since the neural net can perform the required identification, the
neural net controller is designed in the same manner as previously discussed. However,
since the LQR feedback is designed for a plant with nominal payload, the neural net is
asked to perform more of the task for control which results in slightly longer training
time to achieve the desired tracking. This can be illustrated by way of example.

I Consider the following experiment. The flexible link moves from a rest position to
a desired position with the nominal value of 0.20 kg payload, and the neural net forI control adjusts the weights in the control loop to achieve the desired tracking as in the
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previous example. In the new position, a mass is added to the link tip, and the !ink
is then slewed to a new position during which time the neural net collects the data
over the latest motion to adjust the weights to compensate for the new load. The I
manipulator does not perform well over the second slew, but it adjusts the weights
using the unsupervised learning control scheme such that during subsequent motion
with the same payload, performance continues to improve until a desired performance I
specification is met.

This procedure is depicted in Figure 8.7. The manipulator starts at rest where it is I
assumed that training has been completed for the nominal case. The manipulator
moves through a 45 degree slew and the tip mass is changed to 0.30 kg (61.9% of
link mass). The manipulator moves in the same direction by 25 degrees to a rest I
position of 70 degrees. Although the manipulator did not dampen vibrations well,
subsequent maneuvers show that the control neural net is adjusting to compensate
for the disturbance. The manipulator is moved back to 45 degrees and back again I
to 70 degrees to show how performance continues to improve. The control neural
net traans itself on-line and improves its vibration damping characteristics with each
slew. This can be seen when the manipulator moves through a slew of -45 degrees
to the final position of 25 degrees. It was also found that if the mass is later changed
back to the nominal value, the training time for the procedure is reduced slightly, but I
not enough to say that the neural net "remembers" the control for the original case,
since the neural net adjusts itself to compensate for the most recent payload.

This plot shows that the neural net can achieve payload-invariant tracking with on-
line training and a minimal amount of information known about the system dynamics
or the payload. Real-time implementations of such an approach are dependent upon 3
how much the payload changes from the nominal value. If there is a small change in
the payload, then the neural net can easily adjust itself in one slew, If the payload
size doubles, then several slews may be necessary to achieve the desired tracking spec- i
ifications. To determine the ability of this control scheme to adjust to real situations,
we investigated several different payload variations for a slew of 0 to 45 degrees (Trial
1), then back to 0 degrees (Trial 2). The maneuver was held constant at 45 degree I
slews and the payload was varied in order to make valid comparisons of training time.
The results are shown in Table 8.4, where a +20% variation of the payload means
that the payload changed from 0.20 kg to 0.24 kg. The first column is the percent
variation of the payload, with the payload varied over the entire range of Table 8.3.
The figure of merit used for comparison is the sum-squared value of the tip deflection,
since we are trying to minimize vibration at the tip. Let c(L, k) be the tip deflection
at time k, so that the sum-squared value is given by J as

N

J E a(L,k)2 . (8.34)
--'-I 0
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Figure 8.7: Slewing Maneuvers with Variable Payload

In Table 8.4 the value of J is given for a slew from 0 to 45 degrees(Trial 1), then for a
slew back to 0 degrees (Triad 2) in columns 2 and 3, respectively. Note that for large
deviations of the payload in the positive direction, more than two slewing maneuvers
might be necessary to control vibrations at the tip.

The simulations clearly illustrate how we can take advantage of partial knowledge of
plant dynamics to control a system using a combination of conventional controllers
and neural-based control. The strategy outlined for the new control scheme was
demonstrated on a flexible one-link manipulator in which the rigid body dynamics
were assumed known and the flexible dynamics were learned by a neural identifier. A
control scheme using conventional control was used for control of the rigid dynamics
and a neural controller was used to provide a corrective control to compensate for
the unmodeled dynamics. The overall effect is to minimize tip vibration of the ma-
nipulator. This is demonstrated first for the case of a constant payload chosen with
a nominal value, then for the case where the payload was varied. On-line training of
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Table 8.4: Effect of Payload Variation on Training Time

Payload] Trial I T ial
0% 0.0299 0.0285

+10% 0.0388 0.0351
-10% 0.0342 0.0325
+20% 0.0513 0.0378
-20% 0.0421 0.0352
+30% 0.1100 0.0391
-30% 0.0805 0.0380
+50% 0.4733 0.0823
-50% 0.1317 0.0420

+100% 1.2564 0.1100
-100% 0.1678 0.0422 I

the control neural net showed that control could be achieved in a minimum number
of arm movements for reasonable changes of the payload. I

1
I
!
I
I
I
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9. APPLICATIONS

I
The structures we consider for application of the previously discussed techniques
are space structures that contain flexible components for which we wish to minimize
vibrations. These structures also exhibit rotational and translating capabilities which
result in nonlinear behavior.!
9.1 Spacecraft

I One of these structures is a rigid hub that can translate in two dimensions as well as
rotate in one dimension. Attached to this hub is a flexible beam that exhibits planar
vibrations. This structure represents a coupling of linear vibration characteristics
with nonlinear slewiDg behavior and is illustrated in Figure 9.1.

* F

I _T
Figure 9.1: Spacecraft with rigid hub and attached flexible appendage.

I Equations of motion can be derived for this spacecraft by modeling the beam as

clamped at the hub and free at the other end. Then using the assumed modes method3 we retain one mode in the model (more modes can be handled quite easily). We also

ignore gravity in this model. Let 1L1, u2, 153 be the velocity of A" (center of mass of
hub A) in at, a2, a3 direction, respectively. Let 154 and qt be the modal velocity andI modal displacement, respectively, of the flexible beam B. The control variables are
T and F which are the torque produced by the hub motor and the force produced

I by the jet at the beam's endpoint, respectively. All other parameters appearing inI the model are constants representing masses, moments of inertia, stiffness constants,
and various other physical quantities that will not be discussed further for the sake3 of brevity.
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The equations of motion can then be written as

MA[ mD 0 -ElRA 0 0 41
0 -A +M oB tB + eB El 0 42+

E qz -(bins + ea) -(bPme + 2(e + Ia + J3)) -(bE 1 + F1 ) 0 i =
0 El bE1 + F1  Gil 0 i

0 0 0 0 I

(mA + MD)U2U3 + 2Elua + ] e+ 0 0 1
-(-A + m,)ulu3 + Ejl,,qi [ 1 [ T
E iu~ u m + (b min + e ,&)u l 3 +- - 1 - ( & +- L ) F 9 1

-EluIus + GlUiql - HJ1 0 (L) 0 1 F
U4 0 0

which is a fifth order nonlinear time-varying ordinary differential equation. The out- I
puts can be chosen to be any of the five states, thus they will ordinarily be linear
functions. By choosing two outputs (say, hub rotation, u 3, and tip displacement, qj),

we obtain a two-input, two-output nonlinear system. The first input/output port
could be restricted to hub information only (ul, U2 , u3), and the second input/output
port could be restricted to beam endpoint information only (u4 and qi). This decen-
tralization constraint would be desirable for a real spacecraft of the type in Figure 9.1
because of the difficulty in exchanging information between the two ports. Thus, the
results of the previous section could be applied to this structure. This represents one
of our priorities for future work. 3
9.2 Optical Tracking System

In this section, the algorithm of Section2.4 is applied to an optical tracking system[74,
1, 2]. The system, shown in Figure 9.2, consists of two motors with mirrors mounted

IncidentRay

Mirror/Motor 2

on them. It is desired to slew a ray of light by an angle 0". The geometry of the

system indicates that the desired individual angles of rotation for each motor y,ý = 0/

are related to the desired angle of sleý, by
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2{el - od) = Od (9.2)

I which becomes our constraint equation (2.48). Since our constraint is linear, the
equations (2.49) and (2.53) become much simpler. The dynamics of the optical system
consist of two linear coupled subsystems. Thus, there are two input/output channels
with each subsystem being first order. For simplicity the Q and R matrices in the
servocompensator cost criterion (2.33) are chosen to be the identity matrices of order1 4 and 2 respectively.

The output of each subsystem is the angle produced by the motor for that mirror,
and the input to each subsystem is the torque generated by the motor (i.e., the motor
dynamics are ignored here for simplicity). Then the dynamical equations of the mirror
system are

[2 = 0 - 314.16 z2  0 1 U2

I ~ Y[1?[~ (9.4)
j where the data are taken from [74]. The desired slewing angle 0d was chosen to be 30

degrees (7r/6 radians) which implies from (9.2) that the difference between the two
individual mirror angles should be 15 degrees.

The algorithm in the last section was implemented on CTRL-C using the negative
gradient of J as the search direction with a stepsize of c = 1. The algorithm converged
quite rapidly. Indeed, after one iteration the norm of the gradient was 0.0033 and
after two iterations it was 0.0032. The optimal choice of setpoints was Of = 14.950
and 0. = -0.05*. The optimal decentralized PI control laws turned out to be

,1 = 1.002 1 +0.998j(yi(r)-O )d-r (9.5)

SU 2  1.= L0+2 +1.0'(Y 2 (r)-O,9)dr (9.6)

with the setpoints from above, and the optimal cost was P = 0.0093. This example,
though quite simple, illustrates the method and its fast convergence. The above algo-
rithm could be implemented on-line for this particular example which would eliminate
the need to compute the setpoints a priori. The primary point of the example is that
using this algorithm allows one to compute the setpoints in an optimal manner in-
stead of ad hoc. That is, the output objectives of each mirror are chosen to minimize3 the given performance criterion while taking into account the dynamics of the system.
Among the infinite set of feasible mirror settings, the one solved for above is optimal
with respect to the quadratic performance criterion.
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9.3 LIVE

One structure which we have considered in our research is an experiment that has been I
built at Ohio State. It is a flexible truss cantilevered at the top, with two large panels
attached to the bottom. The panels can rotate and can induce vibrations in the truss.
This configuration is depicted in Figure 9.3 which shows the Large Interconnected
Vibration Experiment from The Ohio State University (LIVE from OSU). Figure 9.4
illustrates the hardware dedicated to the experiment. Again, decentralized control
techniques will be utilized here with the panels representing one subsystem and the
truss representing the other subsystem. The coupling of the panel rotation with the
truss vibrations will result in coupled nonlinear subsystems. In the immediate future,
the structure will be modeled using the finite-element method and controlled using
the approaches presented above and in the sequel. I
9.4 Sampled Variable Structure Control for Flexible Structures

A general slewing structure with flexibility can be described as: I
M(O,q) (1 + G(G'8,iq,) = Bu (9.7)

where 0 is a vector of rigid modes, q is a vector of flexible modes, and u is the control
with the same dimension as 0.

Our goal is to steer the controlled variables 0 from the initial state (0o, Do) to the I
desired steady state (9d, 0) with as small deformation of the structure q as possible.
A discrete time variable structure control, or sampled sliding mode, approach is con-
ducted in the controller design for 0. We shall formulate the problem in a linearized I
model around the steady state value. The higher order terms as well as the unmea-
sured flexible modes q will be treated as disturbances. Thus, a linear system with I
exogenous disturbances together with parameter variations in both the system and
control matrices results.

This is a quite general VSC problem. In addition to solving for a robust controller U
against those uncertainties mentioned above, several practical considerations, such as
chattering reduction, sampling frequency, disturbance prediction, and control vai- I
able saturation, etc. are also included in this report. It is found that the proposed
technique is well suited for digital implementation of sliding mode control. On the
other hand, the frequency shaping technique, which we have developed during the I
last three years, has not been added to the approach here yet.

I
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Figure 9.4: Block diagram of hardware configuration for LIVE.
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9.4.1 Linearized System Model

I The desired steady state solution can be obtained by solving

I G(Gd,0,q..,0) = Bu., (9.8)

Rewrite (9.7)

()=h(0,i, q, 4) +1(0,q)Bu (9.9)

where h(O,O,q, ) = -M- 1 (0,q)G(O,O,q, 4) and l(0,q) = M-1 (0,q)B assuming M is3 always invertible. Note that if q.. and u.. satisfy (9.8), then

h(Od, 0, q,,, 0) + l(Od, q..)Buo. = 0 (9.10)

Define
I e = 00

a = q-- q

I -- U - Us

The linearized system is obtained as:1
9 = al(O,, 0,q.,,O)e + ac(fl, 0, q.., O)i + b(Od, q..)ii + g(e, 6, E' i, fi) (9.11)

I where a, = ! + E and a2 =" evaluated at the desired steady state point with
9(0, 0,0,0,0) = 0.

3 In the standard state space formulation,

! = Ax + Bfi + H(x,-, ) (9.12)

H(z, c, i) is the lumped representation of the parameter changes AA(x, c, i), AB(x, E, i),
and unknown disturbances f(t) diie to c, i and the neglected higher order terms in
the linearization process.

An important property of H is that

H 0 as e-+0,--.0, -0,i--0 (9.13)
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9.4.2 Numerical Example

We adopt an identical example of a single flexible robotic link as [381 and implement
sliding mode control by using both continuous time design and sampled VSC design.
The dynamic model is of the form:

[J1+1I I J[L, I + oI L 01 J (9.14)

+ 0 1 0.5m111 cos 01 - a11q1 sin 01 1 [u
"+ A141 + + kql all C01 0

in which 01 is the angular displacement of the rigid mode, the end deflection is

pi(t) = (h1 [II + h2l1(1 - li)l)q,(t).

We shall approximate the tip position by measuring the arc length of the rigid link
together with the deflection length, i.e., I

L = rO + P (9.15) 3
The following link parameter values are used.

1i=m J= - 0.4847Kg - m all = 0.377Kg1

=l = 0.373N - sec/rn mn = 0.4847Kg bl = 0.242Kg - m
ki = 28.7N/m hi = 2.02 h2 = 0.6237
g = 9.8m/seco

The desired angular displacement set point is 0f = . Steady state deflection and
control input are obtained by solving

{(0.5rnI, coSO--auq sin 0)g = UI*

kjq*A + alig cos Of = 0

They are

qj" = -0.0910 u," = 1.9172 1
The linearized system has system matrices as in (9.12)

A=[ 1 ]; B=a, 0 ba
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I where

5 a1 = (0.5mll cos 0- auq' sin Od)g and + m
- (JI + mj(q{°) 2)mj - bnd (,] + mj(q")I)ml - b2

The numerical values areA [= 0 10 ]I_ A=[0.373 1 0; B=[2.7182

3 Choose the sliding surface to be

S(t) = Ce - s(O)e- 2t = [1 1]e - S(O)e-2t

with initial condition

I O,(0) = 0 G(O) =0.l qI(O) =-0.1787 41(0) = -0.1

I The continuous time sliding mode design yield the following controller

ii = -(CB)-1Ae - Ksgn(s)

where K is selected to bound over all uncertainties.

5 The sampled sliding mode control law is

Uk = -(cr)-'cxk - (cr)- 1 cdk-l + (cr) -1 (O),e-2 T

IU
3
U
I
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10. CONCLUSION

The main thrust of this project has been to consider the control of interconnected rigid
and flexible structures. Due to the fact that we distributed our attention to different
modelling, analysis and design techniques, we have obtained many new results in
different areas.

Conclusions obtained from individual aspects of our report are listed below, as they
correspond to the chapters in this report:

In Chapter 2 the work on the concept of relegation was outlined. We have provided
the basis for assigning control tasks to multiple coupled systems so that some some
total criterion is minimized. This approach will provide a systematic way of optimal
regulation of coupled substructures, some flexible, some not, for vibration damping
and slewing purposes.

Chapter 3 was on our initial work on circuit analogies. We believe this to be one of
the most innovative ideas emerging from this project with many implications related
to the design and implementation of "smart structures".

Chapter 4-6 all develop techniques that are useful in analyzing and controlling
coupled nonlinear systems. Singular perturbation and sliding mode techniques are
specifically applied to slewing, coupled flexible structures. Although these techniques
are not new, they each had to be extended and various theoretical problems had to
be resolved before they could be advocated for use in this area.

Chapter 6 furthermore develops modeling and control of closed-chain structures,
where participants in a kinematic loop are all flexible. This is a very hard problem
in its own right which, to our knowledge, had not been addresssed before.

In Chapter 7 we provided initial results on the control of sampled systems with
the sliding-mode control technique. The research has been very favorably reviewed
by experts in the field. (In fact, the graduate student developing these ideas was
rewarded with an Ohio State University Presidential Fellowship based on the letters
of recommendation of external reviewers of his research work. This highly innovative
approach is presently being further developed.

Finally in Chapter 8 the utilization of neural networks for the identification and
control was considered. This also was quite innovative, and was one of the first
examples of the utilization of neural networks in the flexible structures/vibration
damping domain.

The structure LIVE is a highly versatile hardware configuration that is still being
developed, and will be a good test bed for future control verification studies.
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